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correct, it is at least approximately correct for processes
involving images and sound.15(?)

B. Introduction to probabilities

The best (Or, a theoretically robust?) way to im-
plement machine learning methods is to use the tools of
probability, which have been critical in the development
of modern science and engineering. Bayesian inference,
resampling?

Almost all machine-learning tasks can be formulated
as making inferences about missing or latent data from
the observed data.

1. Bayesian machine learning

Two simple rules are of fundamental importance for
Bayesian ML [Ghahramani 2015]. The sum rule

p(x) =
!

y! Y

p(x, y) , (2)

and the product rule

p(x, y) = p(y|x)p(x) . (3)

Here x and y are unknown observed quantities. The sum
rule states that the marginal p(x) is obtained by summing
the joint p(x, y) over y. The product rule states that the
joint p(x, y) is obtained as a product of the conditional
p(y|x) and the marginal p(x).

BayesÕs rule is obtained from these two rules

p(x|y) =
p(y|x)p(x)

p(y)
=

p(y|x)p(x)
"

y! Y p(x, y)
(4)

b) Softmax function

The softmax function is often used in the last step of
a NN for classiÞcation. We here demonstrate that it can
be derived from simple Bayesian principles12 (p 198).

The input to node n is xn , with in total N nodes. For
each node we wish to classify whether the data belongs
to classCn

p(Cn |x) =
p(x|Cn )p(Cn )

" N
k=1 p(x |Ck )p(Ck )

(5)

=
exp(an )

" N
k=1 exp(ak )

(6)

with

an = ln ( p(x |Cn )p(Cn )) (7)

Assuming x is GaussianN (µn , ! ) and p(Cn ) is uni-
form, it can be shown that (7) can be expressed in terms
of the weights

an = w T
n x + w0

wn = ! " 1µn

w0 =
! 1
2

µT
n ! " 1µn + ln( p(Cn )) (8)

Thus, from a Bayesian perspective, it makes sense to use
the softmax criterion.

For the binary classiÞcation problem this becomes

p(C1|x) =
p(x|C1)p(C1)

" 2
k=1 p(x |Ck )p(Ck )

(9)

=
exp(a1)

" 2
k=1 exp(ak )

=
1

1 + exp(! a)
(10)

with

a = ln
p(x|C1)p(C1)
p(x|C2)p(C2)

(11)

thus for binary classiÞcation we should use logistic sig-
moid (10).

C. Machine learning: Supervised and unsupervised learning

ML methods generally can be categorized as either
supervised or unsupervised learning tasks. In supervised
learning, the task is to learn a predictive mapping from
inputs to outputs given labeled input and output pairs.
Supervised learning is the most widely used ML category,
and includes familiar methods such as linear regression
(a.k.a. ridge regression) and nearest-neighbor classiÞers,
as well as more sophisticated support vector machine
(SVM) and neural network (NN) models- sometimes re-
ferred to as artiÞcial NNs, due to their weak relationship
to neural structure in the biological brain. In unsuper-
vised learning, no labels are given and the task is to dis-
cover interesting or useful structure within the data. This
has many useful applications, which include data visual-
ization, exploratory data analysis, and feature learning.
Though the learned features are optimal according to the
desired measure, they may not be useful. Unsupervised
methods such as PCA, K-means,14 and Gaussian mix-
ture models (GMMs) have been used for decades. Newer
methods include t-SNE,24 dictionary learning, and deep
representations (e.g. autoencoders). An important point
is that the results of unsupervised methods can be used
either directly, such as for discovery of latent factors or
data visualization, or as part of a supervised learning
framework, where they supply transformed versions of
the features to improve supervised learning performance.

In the following we discuss in more depth the dis-
tinctions between supervised and unsupervised learning
methods, describe a few speciÞc ML methods in each cat-
egory, and provide illustrative examples of each. For a
more in-depth treatment of these subjects, please refer
to the excellent machine learning textbooks.12,13,16,17

1. Supervised learning

In supervised ML, the task is to learn a predictive
mapping from inputs to outputs given labeled input and
output pairs, where the data may be imperfect

yi = f (x i ) + n, (12)

where x i " RN is a vector of N input variables called
features. The features can be real, imaginary, or cate-
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Parametric Approach: Linear Classifier
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Reminder: 1x1 convolutions

64

56

56
1x1 CONV
with 32 filters

32
56

56
(each filter has size 
1x1x64, and performs a 
64-dimensional dot 
product)
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Reminder: 1x1 convolutions

64

56

56
1x1 CONV
with 32 filters

32
56

56

preserves spatial 
dimensions, reduces depth!

Projects depth to lower 
dimension (combination of 
feature maps)
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Summary: CNN Architectures 

10
0

Case Studies
- AlexNet
- VGG
- GoogLeNet
- ResNet

Also....
- NiN (Network in Network)
- Wide ResNet
- ResNeXT
- Stochastic Depth

- DenseNet
- FractalNet
- SqueezeNet
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Case Study: ResNet
[He et al., 2015]

Very deep networks using residual 
connections
 

- 152-layer model for ImageNet
- ILSVRC’15 classification winner 

(3.57% top 5 error)
- Swept all classification and 

detection competitions in 
ILSVRC’15 and COCO’15!

Input

Softmax

3x3 conv, 64

7x7 conv, 64 / 2

FC 1000

Pool

3x3 conv, 64

3x3 conv, 64
3x3 conv, 64

3x3 conv, 64
3x3 conv, 64

3x3 conv, 128
3x3 conv, 128 / 2

3x3 conv, 128
3x3 conv, 128

3x3 conv, 128
3x3 conv, 128

..

.

3x3 conv, 64
3x3 conv, 64

3x3 conv, 64
3x3 conv, 64

3x3 conv, 64
3x3 conv, 64

Pool

relu

Residual block

conv

conv

X
identity

F(x) + x

F(x)

relu

X
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Case Study: ResNet
[He et al., 2015]

What happens when we continue stacking deeper layers on a “plain” convolutional 
neural network?

56-layer model performs worse on both training and test error
-> The deeper model performs worse, but it’s not caused by overfitting!

Tr
ai

ni
ng

 e
rr

or

Iterations

56-layer

20-layer

Te
st

 e
rr

or

Iterations

56-layer

20-layer
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Case Study: ResNet
[He et al., 2015]

Hypothesis: the problem is an optimization problem, deeper models are harder to 
optimize
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relu

72

Case Study: ResNet
[He et al., 2015]

Solution: Use network layers to fit a residual mapping instead of directly trying to fit a 
desired underlying mapping

Residual block

conv

conv

X
identity

F(x) + x

F(x)

relu

conv

conv

relu

“Plain” layers
XX

H(x)

Use layers to 
fit residual 
F(x) = H(x) - x 
instead of 
H(x) directly

H(x) = F(x) + x

72



R&:"&5)
N R&:"&5+4$"%(*#"

N R&:"&5+(:*%;W+)$V)(*($(&+(6&+*""&:+=:#1$%(+#4+4:&0($:&)9*(6+

292 6. KERNEL METHODS

closest example from the training set. These are examples ofmemory-basedmethods
that involve storing the entire training set in order to make predictions for future data
points. They typically require a metric to be deÞned that measures the similarity of
any two vectors in input space, and are generally fast to ÔtrainÕ but slow at making
predictions for test data points.

Many linear parametric models can be re-cast into an equivalent Ôdual represen-
tationÕ in which the predictions are also based on linear combinations of akernel
functionevaluated at the training data points. As we shall see, for models which are
based on a Þxed nonlinearfeature spacemapping! (x), the kernel function is given
by the relation

k(x, x !) = ! (x)T ! (x !). (6.1)

From this deÞnition, we see that the kernel is a symmetric function of its arguments
so thatk(x, x !) = k(x !, x). The kernel concept was introduced into the Þeld of pat-
tern recognition by Aizermanet al. (1964) in the context of the method of potential
functions, so-called because of an analogy with electrostatics. Although neglected
for many years, it was re-introduced into machine learning in the context of large-
margin classiÞers by Boseret al. (1992) giving rise to the technique ofsupport
vector machines. Since then, there has been considerable interest in this topic, bothChapter 7
in terms of theory and applications. One of the most signiÞcant developments has
been the extension of kernels to handle symbolic objects, thereby greatly expanding
the range of problems that can be addressed.

The simplest example of a kernel function is obtained by considering the identity
mapping for the feature space in (6.1) so that! (x) = x, in which casek(x, x !) =
xT x !. We shall refer to this as the linear kernel.

The concept of a kernel formulated as an inner product in a feature space allows
us to build interesting extensions of many well-known algorithms by making use of
thekernel trick, also known askernel substitution. The general idea is that, if we have
an algorithm formulated in such a way that the input vectorx enters only in the form
of scalar products, then we can replace that scalar product with some other choice of
kernel. For instance, the technique of kernel substitution can be applied to principal
component analysis in order to develop a nonlinear variant of PCA (Sch¬olkopf et al.,Section 12.3
1998). Other examples of kernel substitution include nearest-neighbour classiÞers
and the kernel Fisher discriminant (Mikaet al., 1999; Roth and Steinhage, 2000;
Baudat and Anouar, 2000).

There are numerous forms of kernel functions in common use, and we shall en-
counter several examples in this chapter. Many have the property of being a function
only of the difference between the arguments, so thatk(x, x !) = k(x ! x !), which
are known asstationarykernels because they are invariant to translations in input
space. A further specialization involveshomogeneouskernels, also known asra-
dial basis functions, which depend only on the magnitude of the distance (typicallySection 6.3
Euclidean) between the arguments so thatk(x, x !) = k(" x ! x !" ).

For recent textbooks on kernel methods, see Sch¬olkopf and Smola (2002), Her-
brich (2002), and Shawe-Taylor and Cristianini (2004).
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Say I want to predict whether a house on the real-estate market will sell today
or not:

x =

!

" x(1)
#$%&

houseÕs list price

, x(2)
#$%&

estimated worth

, x(3)
#$%&

length of time on market

, x(4)
#$%&

in a good area

, ...

'

( .

We might want to consider something more complicated than a linear model:

Example 1 : [x(1), x(2)] ! !
)
[x(1), x(2)]

*
=

+
x(1)2, x(2)2, x(1)x(2)

,

The 2d space gets mapped to a 3d space. We could have the inner product in
the 3d space:

! (x)T ! (z) = x(1)2z(1)2 + x(2)2z(2)2 + x(1)x(2)z(1)z(2).

Example 2 :

[x(1), x(2), x(3)] ! !
-

[x(1), x(2), x(3)]
.

= [ x(1)2, x(1)x(2), x(1)x(3), x(2)x(1), x(2)2, x(2)x(3), x(3)x(1), x(3)x(2), x(3)2]

and we can take inner products in the 9d space, similarly to the last example.
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closest example from the training set. These are examples ofmemory-basedmethods
that involve storing the entire training set in order to make predictions for future data
points. They typically require a metric to be deÞned that measures the similarity of
any two vectors in input space, and are generally fast to ÔtrainÕ but slow at making
predictions for test data points.

Many linear parametric models can be re-cast into an equivalent Ôdual represen-
tationÕ in which the predictions are also based on linear combinations of akernel
functionevaluated at the training data points. As we shall see, for models which are
based on a Þxed nonlinearfeature spacemapping! (x), the kernel function is given
by the relation

k(x, x !) = ! (x)T ! (x !). (6.1)

From this deÞnition, we see that the kernel is a symmetric function of its arguments
so thatk(x, x !) = k(x !, x). The kernel concept was introduced into the Þeld of pat-
tern recognition by Aizermanet al. (1964) in the context of the method of potential
functions, so-called because of an analogy with electrostatics. Although neglected
for many years, it was re-introduced into machine learning in the context of large-
margin classiÞers by Boseret al. (1992) giving rise to the technique ofsupport
vector machines. Since then, there has been considerable interest in this topic, bothChapter 7
in terms of theory and applications. One of the most signiÞcant developments has
been the extension of kernels to handle symbolic objects, thereby greatly expanding
the range of problems that can be addressed.

The simplest example of a kernel function is obtained by considering the identity
mapping for the feature space in (6.1) so that! (x) = x, in which casek(x, x !) =
xT x !. We shall refer to this as the linear kernel.

The concept of a kernel formulated as an inner product in a feature space allows
us to build interesting extensions of many well-known algorithms by making use of
thekernel trick, also known askernel substitution. The general idea is that, if we have
an algorithm formulated in such a way that the input vectorx enters only in the form
of scalar products, then we can replace that scalar product with some other choice of
kernel. For instance, the technique of kernel substitution can be applied to principal
component analysis in order to develop a nonlinear variant of PCA (Sch¬olkopf et al.,Section 12.3
1998). Other examples of kernel substitution include nearest-neighbour classiÞers
and the kernel Fisher discriminant (Mikaet al., 1999; Roth and Steinhage, 2000;
Baudat and Anouar, 2000).

There are numerous forms of kernel functions in common use, and we shall en-
counter several examples in this chapter. Many have the property of being a function
only of the difference between the arguments, so thatk(x, x !) = k(x ! x !), which
are known asstationarykernels because they are invariant to translations in input
space. A further specialization involveshomogeneouskernels, also known asra-
dial basis functions, which depend only on the magnitude of the distance (typicallySection 6.3
Euclidean) between the arguments so thatk(x, x !) = k(" x ! x !" ).

For recent textbooks on kernel methods, see Sch¬olkopf and Smola (2002), Her-
brich (2002), and Shawe-Taylor and Cristianini (2004).
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Figure 6.4 Samples from Gaus-
sian processes for a ÔGaussianÕ ker-
nel (left) and an exponential kernel
(right).
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6.4.2 Gaussian processes for regression

In order to apply Gaussian process models to the problem of regression, we need
to take account of the noise on the observed target values, which are given by

tn = yn + ! n (6.57)

whereyn = y(xn ), and! n is a random noise variable whose value is chosen inde-
pendently for each observationn. Here we shall consider noise processes that have
a Gaussian distribution, so that

p(tn |yn ) = N (tn |yn , " ! 1) (6.58)

where" is a hyperparameter representing the precision of the noise. Because the
noise is independent for each data point, the joint distribution of the target values
t = ( t1, . . . , tN )T conditioned on the values ofy = ( y1, . . . , yN )T is given by an
isotropic Gaussian of the form

p(t|y) = N (t|y, " ! 1I N ) (6.59)

whereI N denotes theN ! N unit matrix. From the deÞnition of a Gaussian process,
the marginal distributionp(y) is given by a Gaussian whose mean is zero and whose
covariance is deÞned by a Gram matrixK so that

p(y) = N (y|0, K ). (6.60)

The kernel function that determinesK is typically chosen to express the property
that, for pointsxn and xm that are similar, the corresponding valuesy(xn ) and
y(xm ) will be more strongly correlated than for dissimilar points. Here the notion
of similarity will depend on the application.

In order to Þnd the marginal distributionp(t), conditioned on the input values
x1, . . . , xN , we need to integrate overy. This can be done by making use of the
results from Section 2.3.3 for the linear-Gaussian model. Using (2.115), we see that
the marginal distribution oft is given by

p(t) =
!

p(t|y)p(y) dy = N (t|0, C) (6.61)

516 Chapter 15. Gaussian processes

x 1 x 2 x !

f 1 f 2 f !

y 1 y 2 y !

Figure 15.1 A Gaussian process for 2 training points and 1 testing point, represented as a mixed directed
and undirected graphical model representingp(y , f |x ) = N (f |0, K (x ))

!
i p(yi |f i ). The hidden nodes

f i = f (x i ) represent the value of the function at each of the data points. These hidden nodes are fully
interconnected by undirected edges, forming a Gaussian graphical model; the edge strengths represent the
covariance terms! ij = ! (x i , x j ). If the test pointx ! is similar to the training pointsx 1 and x 2, then
the predicted outputy! will be similar toy1 and y2.

Our presentation is closely based on (Rasmussen and Williams 2006), which should be con-
sulted for futher details. See also (Diggle and Ribeiro 2007), which discusses the related approach
known askriging, which is widely used in the spatial statistics literature.

15.2 GPs for regression

In this section, we discuss GPs for regression. Let the prior on the regression function be a GP,
denoted by

f (x) ! GP(m(x), ! (x , x !)) (15.2)

wherem(x) is the mean function and! (x, x !) is the kernel or covariance function, i.e.,

m(x) = E [f (x)] (15.3)

! (x , x !) = E
!
(f (x) " m(x))( f (x !) " m(x !))T "

(15.4)

We obviously require that! () be a positive deÞnite kernel. For any Þnite set of points, this
process deÞnes a joint Gaussian:

p(f |X ) = N (f |µ , K ) (15.5)

whereK ij = ! (x i , x j ) and µ = ( m(x1), . . . , m(xN )) .
Note that it is common to use a mean function ofm(x) = 0 , since the GP is ßexible enough

to model the mean arbitrarily well, as we will see below. However, in Section 15.2.6 we will
consider parametric models for the mean function, so the GP just has to model the residual
errors. This semi-parametric approach combines the interpretability of parametric models with
the accuracy of non-parametric models.
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So we showed thatk is an inner product for n = 2 because we found a feature
space corresponding to it.

For n = 3 we can also Þnd a feature space, namely the 9d feature space from
Example 2 would give us the inner productk.
That is,

! (x) = ( x(1)2, x(1)x(2), ..., x(3)2), and ! (z) = ( z(1)2, z(1)z(2), ..., z(3)2),

! ! (x), ! (z)"R 9 = !x, z"2
R 3.

ThatÕs nice.

We can even add a constant, so thatk is the inner product plus a constant
squared.

Example 4 :

k(x, z) = ( xTz + c)2 =

!
n"

j =1

x(j )z(j ) + c

# !
n"

!=1

x(! )z(! ) + c

#

=
n"

j =1

n"

!=1

x(j )x(! )z(j )z(! ) + 2c
n"

j =1

x(j )z(j ) + c2

=
n"

j, ! =1

(x(j )x(! ))(z(j )z(! )) +
n"

j =1

(
#

2cx(j ))(
#

2cz(j )) + c2,

and in n = 3 dimensions, one possible feature map is:

! (x) = [ x(1)2, x(1)x(2), ..., x(3)2,
#

2cx(1),
#

2cx(2),
#

2cx(3), c]

and c controls the relative weight of the linear and quadratic terms in the inner
product.

Even more generally, if you wanted to, you could choose the kernel to be any
higher power of the regular inner product.

Example 5 : For any integerd $ 2

k(x, z) = ( xTz + c)d,

4



Basic concepts

Can be inner product ininÞnitedimensional space
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Figure 14.11 Illustration of the large margin principle. Left: a separating hyper-plane with large margin.
Right: a separating hyper-plane with small margin.
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Figure 14.12 (a) Illustration of the geometry of a linear decision boundary in 2d. A pointx is classiÞed
as belonging in decision regionR 1 if f (x ) > 0, otherwise it belongs in decision regionR 2; heref (x )
is known as adiscriminant function . The decision boundary is the set of points such thatf (x ) = 0 .
w is a vector which is perpendicular to the decision boundary. The termw0 controls the distance of
the decision boundary from the origin. The signed distance ofx from its orthogonal projection onto the
decision boundary,x ! , is given byf (x )/ ||w ||. Based on Figure 4.1 of (Bishop 2006a). (b) Illustration of
the soft margin principle. Points with circles around them are support vectors. We also indicate the value
of the corresponding slack variables. Based on Figure 7.3 of (Bishop 2006a).
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Figure 14.11 Illustration of the large margin principle. Left: a separating hyper-plane with large margin.
Right: a separating hyper-plane with small margin.
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Figure 14.12 (a) Illustration of the geometry of a linear decision boundary in 2d. A point x is classified
as belonging in decision region R1 if f(x) > 0 , otherwise it belongs in decision region R2; here f(x)
is known as a discriminant function. The decision boundary is the set of points such that f(x) = 0 .
w is a vector which is perpendicular to the decision boundary. The term w0 controls the distance of
the decision boundary from the origin. The signed distance of x from its orthogonal projection onto the
decision boundary, x! , is given by f(x)/||w||. Based on Figure 4.1 of (Bishop 2006a). (b) Illustration of
the soft margin principle. Points with circles around them are support vectors. We also indicate the value
of the corresponding slack variables. Based on Figure 7.3 of (Bishop 2006a).
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does not depend onn. Direct solution of this optimization problem would be very
complex, and so we shall convert it into an equivalent problem that is much easier
to solve. To do this we note that if we make the rescalingw ! ! w andb ! ! b,
then the distance from any pointxn to the decision surface, given bytn y(xn )/ " w" ,
is unchanged. We can use this freedom to set

tn
!
w T ! (xn ) + b

"
= 1 (7.4)

for the point that is closest to the surface. In this case, all data points will satisfy the
constraints

tn
!
w T ! (xn ) + b

"
! 1, n = 1 , . . . , N. (7.5)

This is known as the canonical representation of the decision hyperplane. In the
case of data points for which the equality holds, the constraints are said to beactive,
whereas for the remainder they are said to beinactive. By deÞnition, there will
always be at least one active constraint, because there will always be a closest point,
and once the margin has been maximized there will be at least two active constraints.
The optimization problem then simply requires that we maximize" w" ! 1, which is
equivalent to minimizing" w" 2, and so we have to solve the optimization problem

arg min
w ,b

1
2

" w" 2 (7.6)

subject to the constraints given by (7.5). The factor of1/ 2 in (7.6) is included for
later convenience. This is an example of aquadratic programmingproblem in which
we are trying to minimize a quadratic function subject to a set of linear inequality
constraints. It appears that the bias parameterb has disappeared from the optimiza-
tion. However, it is determined implicitly via the constraints, because these require
that changes to" w" be compensated by changes tob. We shall see how this works
shortly.

In order to solve this constrained optimization problem, we introduce Lagrange
multipliersan ! 0, with one multiplieran for each of the constraints in (7.5), givingAppendix E
the Lagrangian function

L(w, b,a) =
1
2

" w" 2 #
N#

n =1

an
$

tn (w T ! (xn ) + b) # 1
%

(7.7)

wherea = ( a1, . . . , aN )T . Note the minus sign in front of the Lagrange multiplier
term, because we are minimizing with respect tow and b, and maximizing with
respect toa. Setting the derivatives ofL (w, b,a) with respect tow andb equal to
zero, we obtain the following two conditions

w =
N#

n =1

an tn ! (xn ) (7.8)

0 =
N#

n =1

an tn . (7.9)
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does not depend onn. Direct solution of this optimization problem would be very
complex, and so we shall convert it into an equivalent problem that is much easier
to solve. To do this we note that if we make the rescalingw ! ! w andb ! ! b,
then the distance from any pointxn to the decision surface, given bytn y(xn )/ " w" ,
is unchanged. We can use this freedom to set

tn
!
w T ! (xn ) + b

"
= 1 (7.4)

for the point that is closest to the surface. In this case, all data points will satisfy the
constraints

tn
!
w T ! (xn ) + b

"
! 1, n = 1 , . . . , N. (7.5)

This is known as the canonical representation of the decision hyperplane. In the
case of data points for which the equality holds, the constraints are said to beactive,
whereas for the remainder they are said to beinactive. By deÞnition, there will
always be at least one active constraint, because there will always be a closest point,
and once the margin has been maximized there will be at least two active constraints.
The optimization problem then simply requires that we maximize" w" ! 1, which is
equivalent to minimizing" w" 2, and so we have to solve the optimization problem

arg min
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" w" 2 (7.6)
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wherea = ( a1, . . . , aN )T . Note the minus sign in front of the Lagrange multiplier
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Eliminating w and b from L(w, b,a) using these conditions then gives thedual
representationof the maximum margin problem in which we maximize

!L (a) =
N"

n =1

an !
1
2

N"

n =1

N"

m =1

an am tn tm k(xn , xm ) (7.10)

with respect toa subject to the constraints

an ! 0, n = 1 , . . . , N, (7.11)
N"

n =1

an tn = 0 . (7.12)

Here the kernel function is deÞned byk(x, x !) = ! (x)T ! (x !). Again, this takes the
form of a quadratic programming problem in which we optimize a quadratic function
of a subject to a set of inequality constraints. We shall discuss techniques for solving
such quadratic programming problems in Section 7.1.1.

The solution to a quadratic programming problem inM variables in general has
computational complexity that isO(M 3). In going to the dual formulation we have
turned the original optimization problem, which involved minimizing (7.6) overM
variables, into the dual problem (7.10), which hasN variables. For a Þxed set of
basis functions whose numberM is smaller than the numberN of data points, the
move to the dual problem appears disadvantageous. However, it allows the model to
be reformulated using kernels, and so the maximum margin classiÞer can be applied
efÞciently to feature spaces whose dimensionality exceeds the number of data points,
including inÞnite feature spaces. The kernel formulation also makes clear the role
of the constraint that the kernel functionk(x, x !) be positive deÞnite, because this
ensures that the Lagrangian function!L (a) is bounded below, giving rise to a well-
deÞned optimization problem.

In order to classify new data points using the trained model, we evaluate the sign
of y(x) deÞned by (7.1). This can be expressed in terms of the parameters{ an } and
the kernel function by substituting forw using (7.8) to give

y(x) =
N"

n =1

an tn k(x, xn ) + b. (7.13)

Joseph-Louis Lagrange
1736Ð1813

Although widely considered to be
a French mathematician, Lagrange
was born in Turin in Italy. By the age
of nineteen, he had already made
important contributions mathemat-
ics and had been appointed as Pro-

fessor at the Royal Artillery School in Turin. For many

years, Euler worked hard to persuade Lagrange to
move to Berlin, which he eventually did in 1766 where
he succeeded Euler as Director of Mathematics at
the Berlin Academy. Later he moved to Paris, nar-
rowly escaping with his life during the French revo-
lution thanks to the personal intervention of Lavoisier
(the French chemist who discovered oxygen) who him-
self was later executed at the guillotine. Lagrange
made key contributions to the calculus of variations
and the foundations of dynamics.
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In Appendix E, we show that a constrained optimization of this form satisÞes the
Karush-Kuhn-Tucker(KKT) conditions, which in this case require that the following
three properties hold

an ! 0 (7.14)
tn y(xn ) ! 1 ! 0 (7.15)

an { tn y(xn ) ! 1} = 0 . (7.16)

Thus for every data point, eitheran = 0 or tn y(xn ) = 1 . Any data point for
whichan = 0 will not appear in the sum in (7.13) and hence plays no role in making
predictions for new data points. The remaining data points are calledsupport vectors,
and because they satisfytn y(xn ) = 1 , they correspond to points that lie on the
maximum margin hyperplanes in feature space, as illustrated in Figure 7.1. This
property is central to the practical applicability of support vector machines. Once
the model is trained, a signiÞcant proportion of the data points can be discarded and
only the support vectors retained.

Having solved the quadratic programming problem and found a value fora, we
can then determine the value of the threshold parameterbby noting that any support
vectorxn satisÞestn y(xn ) = 1 . Using (7.13) this gives

tn

!
"

m ! S

am tm k(xn , xm ) + b

#

= 1 (7.17)

whereS denotes the set of indices of the support vectors. Although we can solve
this equation forbusing an arbitrarily chosen support vectorxn , a numerically more
stable solution is obtained by Þrst multiplying through bytn , making use oft2

n = 1 ,
and then averaging these equations over all support vectors and solving forb to give

b =
1

NS

"

n ! S

!

tn !
"

m ! S

am tm k(xn , xm )

#

(7.18)

whereNS is the total number of support vectors.
For later comparison with alternative models, we can express the maximum-

margin classiÞer in terms of the minimization of an error function, with a simple
quadratic regularizer, in the form

N"

n =1

E" (y(xn )tn ! 1) + ! " w" 2 (7.19)

whereE" (z) is a function that is zero ifz ! 0 and# otherwise and ensures that
the constraints (7.5) are satisÞed. Note that as long as the regularization parameter
satisÞes! > 0, its precise value plays no role.

Figure 7.2 shows an example of the classiÞcation resulting from training a sup-
port vector machine on a simple synthetic data set using a Gaussian kernel of the
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does not depend onn. Direct solution of this optimization problem would be very
complex, and so we shall convert it into an equivalent problem that is much easier
to solve. To do this we note that if we make the rescalingw ! ! w andb ! ! b,
then the distance from any pointxn to the decision surface, given bytn y(xn )/ " w" ,
is unchanged. We can use this freedom to set

tn
!
w T ! (xn ) + b

"
= 1 (7.4)

for the point that is closest to the surface. In this case, all data points will satisfy the
constraints

tn
!
w T ! (xn ) + b

"
! 1, n = 1 , . . . , N. (7.5)

This is known as the canonical representation of the decision hyperplane. In the
case of data points for which the equality holds, the constraints are said to beactive,
whereas for the remainder they are said to beinactive. By deÞnition, there will
always be at least one active constraint, because there will always be a closest point,
and once the margin has been maximized there will be at least two active constraints.
The optimization problem then simply requires that we maximize" w" ! 1, which is
equivalent to minimizing" w" 2, and so we have to solve the optimization problem

arg min
w ,b

1
2

" w" 2 (7.6)

subject to the constraints given by (7.5). The factor of1/ 2 in (7.6) is included for
later convenience. This is an example of aquadratic programmingproblem in which
we are trying to minimize a quadratic function subject to a set of linear inequality
constraints. It appears that the bias parameterb has disappeared from the optimiza-
tion. However, it is determined implicitly via the constraints, because these require
that changes to" w" be compensated by changes tob. We shall see how this works
shortly.

In order to solve this constrained optimization problem, we introduce Lagrange
multipliersan ! 0, with one multiplieran for each of the constraints in (7.5), givingAppendix E
the Lagrangian function

L(w, b,a) =
1
2

" w" 2 #
N#

n =1

an
$

tn (w T ! (xn ) + b) # 1
%

(7.7)

wherea = ( a1, . . . , aN )T . Note the minus sign in front of the Lagrange multiplier
term, because we are minimizing with respect tow and b, and maximizing with
respect toa. Setting the derivatives ofL (w, b,a) with respect tow andb equal to
zero, we obtain the following two conditions

w =
N#

n =1

an tn ! (xn ) (7.8)

0 =
N#

n =1

an tn . (7.9)
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Eliminating w and b from L(w, b,a) using these conditions then gives thedual
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Figure 14.11 Illustration of the large margin principle. Left: a separating hyper-plane with large margin.
Right: a separating hyper-plane with small margin.
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Figure 14.12 (a) Illustration of the geometry of a linear decision boundary in 2d. A pointx is classiÞed
as belonging in decision regionR 1 if f (x ) > 0, otherwise it belongs in decision regionR 2; heref (x )
is known as adiscriminant function . The decision boundary is the set of points such thatf (x ) = 0 .
w is a vector which is perpendicular to the decision boundary. The termw0 controls the distance of
the decision boundary from the origin. The signed distance ofx from its orthogonal projection onto the
decision boundary,x ! , is given byf (x )/ ||w ||. Based on Figure 4.1 of (Bishop 2006a). (b) Illustration of
the soft margin principle. Points with circles around them are support vectors. We also indicate the value
of the corresponding slack variables. Based on Figure 7.3 of (Bishop 2006a).
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Figure 7.3 Illustration of the slack variables ! n ! 0.
Data points with circles around them are
support vectors.
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with ! n > 1 will be misclassiÞed. The exact classiÞcation constraints (7.5) are then
replaced with

tn y(xn ) ! 1 ! ! n , n = 1 , . . . , N (7.20)

in which the slack variables are constrained to satisfy! n ! 0. Data points for which
! n = 0 are correctly classiÞed and are either on the margin or on the correct side
of the margin. Points for which0 < ! n " 1 lie inside the margin, but on the cor-
rect side of the decision boundary, and those data points for which! n > 1 lie on
the wrong side of the decision boundary and are misclassiÞed, as illustrated in Fig-
ure 7.3. This is sometimes described as relaxing the hard margin constraint to give a
soft marginand allows some of the training set data points to be misclassiÞed. Note
that while slack variables allow for overlapping class distributions, this framework is
still sensitive to outliers because the penalty for misclassiÞcation increases linearly
with ! .

Our goal is now to maximize the margin while softly penalizing points that lie
on the wrong side of the margin boundary. We therefore minimize

C
N!

n =1

! n +
1
2

" w" 2 (7.21)

where the parameterC > 0 controls the trade-off between the slack variable penalty
and the margin. Because any point that is misclassiÞed has! n > 1, it follows that"

n ! n is an upper bound on the number of misclassiÞed points. The parameterC is
therefore analogous to (the inverse of) a regularization coefÞcient because it controls
the trade-off between minimizing training errors and controlling model complexity.
In the limit C # $ , we will recover the earlier support vector machine for separable
data.

We now wish to minimize (7.21) subject to the constraints (7.20) together with
! n ! 0. The corresponding Lagrangian is given by

L(w, b,a) =
1
2

" w" 2 + C
N!

n =1

! n !
N!

n =1

an { tn y(xn ) ! 1 + ! n } !
N!

n =1

µn ! n (7.22)
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Figure 14.10 (a) Illustration of ℓ2, Huber and ϵ-insensitive loss functions, where ϵ = 1.5. Figure generated
by huberLossDemo. (b) Illustration of the ϵ-tube used in SVM regression. Points above the tube have
ξi > 0 and ξ∗

i = 0. Points below the tube have ξi = 0 and ξ∗
i > 0. Points inside the tube have

ξi = ξ∗
i = 0. Based on Figure 7.7 of (Bishop 2006a).

originally designed for binary classification, but can be extended to regression and multi-class
classification as we explain below.
Note that SVMs are very unnatural from a probabilistic point of view. First, they encode

sparsity in the loss function rather than the prior. Second, they encode kernels by using an
algorithmic trick, rather than being an explicit part of the model. Finally, SVMs do not result in
probabilistic outputs, which causes various difficulties, especially in the multi-class classification
setting (see Section 14.5.2.4 for details).
It is possible to obtain sparse, probabilistic, multi-class kernel-based classifiers, which work as

well or better than SVMs, using techniques such as the L1VM or RVM, discussed in Section 14.3.2.
However, we include a discussion of SVMs, despite their non-probabilistic nature, for two main
reasons. First, they are very popular and widely used, so all students of machine learning should
know about them. Second, they have some computational advantages over probabilistic methods
in the structured output case; see Section 19.7.

14.5.1 SVMs for regression

The problem with kernelized ridge regression is that the solution vector w depends on all the
training inputs. We now seek a method to produce a sparse estimate.
Vapnik (Vapnik et al. 1997) proposed a variant of the Huber loss function (Section 7.4) called

the epsilon insensitive loss function, defined by

Lϵ(y, ŷ) !
{

0 if |y − ŷ| < ϵ
|y − ŷ| − ϵ otherwise

(14.46)

This means that any point lying inside an ϵ-tube around the prediction is not penalized, as in
Figure 14.10.
The corresponding objective function is usually written in the following form

J = C
N∑

i=1

Lϵ(yi, ŷi) +
1

2
||w||2 (14.47)
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classification as we explain below.

Note that SVMs are very unnatural from a probabilistic point of view. First, they encode
sparsity in the loss function rather than the prior. Second, they encode kernels by using an
algorithmic trick, rather than being an explicit part of the model. Finally, SVMs do not result in
probabilistic outputs, which causes various di! culties, especially in the multi-class classification
setting (see Section 14.5.2.4 for details).
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well or better than SVMs, using techniques such as the L1VM or RVM, discussed in Section 14.3.2.
However, we include a discussion of SVMs, despite their non-probabilistic nature, for two main
reasons. First, they are very popular and widely used, so all students of machine learning should
know about them. Second, they have some computational advantages over probabilistic methods
in the structured output case; see Section 19.7.

14.5.1 SVMs for regression

The problem with kernelized ridge regression is that the solution vector w depends on all the
training inputs. We now seek a method to produce a sparse estimate.

Vapnik (Vapnik et al. 1997) proposed a variant of the Huber loss function (Section 7.4) called
the epsilon insensitive loss function, defined by

Lϵ(y, ŷ) !
!

0 if |y − ŷ| < !
|y − ŷ| − ! otherwise

(14.46)

This means that any point lying inside an ! -tube around the prediction is not penalized, as in
Figure 14.10.

The corresponding objective function is usually written in the following form

J = C
N"

i=1

Lϵ(yi, ŷi) +
1

2
||w||2 (14.47)
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Basic concepts

Finding the Decision Function

w: maybeinÞnitevariables
The dual problem

min
!

1
2

! T Q! ! eT !

subject to 0" ! i " C, i = 1, . . . , l
yT ! = 0,

whereQij = yiyj " (xi )T " (xj ) and e = [1 , . . . , 1]T

At optimum

w =
! l

i=1 ! i yi " (xi )

A Þniteproblem: #variables = #training data
Chih-Jen Lin (National Taiwan Univ.) MLSS 2006, Taipei 10 / 98

P#::&)=#"1)+ (#+
3>*)6#=+-/I28
C*(6+?h(

7.1. Maximum Margin ClassiÞers 333

where{ an ! 0} and{ µn ! 0} are Lagrange multipliers. The corresponding set of
KKT conditions are given byAppendix E

an ! 0 (7.23)
tn y(xn ) ! 1 + ! n ! 0 (7.24)

an (tn y(xn ) ! 1 + ! n ) = 0 (7.25)
µn ! 0 (7.26)
! n ! 0 (7.27)

µn ! n = 0 (7.28)

wheren = 1 , . . . , N .
We now optimize outw, b, and{ ! n } making use of the deÞnition (7.1) ofy(x)

to give

" L
" w

= 0 " w =
N!

n =1

an tn ! (xn ) (7.29)

" L
" b

= 0 "
N!

n =1

an tn = 0 (7.30)

" L
"! n

= 0 " an = C ! µn . (7.31)

Using these results to eliminatew, b, and{ ! n } from the Lagrangian, we obtain the
dual Lagrangian in the form

"L(a) =
N!

n =1

an !
1
2

N!

n =1

N!

m =1

an am tn tm k(xn , xm ) (7.32)

which is identical to the separable case, except that the constraints are somewhat
different. To see what these constraints are, we note thatan ! 0 is required because
these are Lagrange multipliers. Furthermore, (7.31) together withµn ! 0 implies
an " C. We therefore have to minimize (7.32) with respect to the dual variables
{ an } subject to

0 " an " C (7.33)
N!

n =1

an tn = 0 (7.34)

for n = 1 , . . . , N , where (7.33) are known asbox constraints. This again represents
a quadratic programming problem. If we substitute (7.29) into (7.1), we see that
predictions for new data points are again made by using (7.13).

We can now interpret the resulting solution. As before, a subset of the data
points may havean = 0 , in which case they do not contribute to the predictive
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Figure 14.11 Illustration of the large margin principle. Left: a separating hyper-plane with large margin.
Right: a separating hyper-plane with small margin.
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Figure 14.12 (a) Illustration of the geometry of a linear decision boundary in 2d. A pointx is classiÞed
as belonging in decision regionR 1 if f (x ) > 0, otherwise it belongs in decision regionR 2; heref (x )
is known as adiscriminant function . The decision boundary is the set of points such thatf (x ) = 0 .
w is a vector which is perpendicular to the decision boundary. The termw0 controls the distance of
the decision boundary from the origin. The signed distance ofx from its orthogonal projection onto the
decision boundary,x ! , is given byf (x )/ ||w ||. Based on Figure 4.1 of (Bishop 2006a). (b) Illustration of
the soft margin principle. Points with circles around them are support vectors. We also indicate the value
of the corresponding slack variables. Based on Figure 7.3 of (Bishop 2006a).
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Figure 14.12 (a) Illustration of the geometry of a linear decision boundary in 2d. A point x is classified
as belonging in decision region R1 if f(x) > 0 , otherwise it belongs in decision region R2; here f(x)
is known as a discriminant function. The decision boundary is the set of points such that f(x) = 0 .
w is a vector which is perpendicular to the decision boundary. The term w0 controls the distance of
the decision boundary from the origin. The signed distance of x from its orthogonal projection onto the
decision boundary, x! , is given by f(x)/||w||. Based on Figure 4.1 of (Bishop 2006a). (b) Illustration of
the soft margin principle. Points with circles around them are support vectors. We also indicate the value
of the corresponding slack variables. Based on Figure 7.3 of (Bishop 2006a).
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xn ¼ x0 þ d
w

jjwjj
;

wTx0 þ b¼ 0; (16)

where k # k is the l2 norm. From Eq. (16), the distance d is
obtained:

d xnð Þ ¼ sn
wTxn þ b

kwk
; (17)

where sn is added in Eq. (17) to guarantee d> 0. The margin
dM is defined as the distance from the hyperplane to the clos-
est points xs on the margin boundary (support vectors, see
Fig. 2). The optimal w and b are solved by maximizing the
margin dM:

argmax
w;b

dM;

subject to
sn wTxn þ bð Þ
kwk

& dM; n ¼ 1;…;N: (18)

Equation (18) is equivalent to this optimization problem:41

argmin
w;b

1

2
kwk2;

subject to sn wTxn þ b
! "

& 1; n ¼ 1;…;N: (19)

If the training set is linearly non-separable (class over-
lapping), slack variables41 nn & 0 are introduced to allow
some of the training points to be miclassified, corresponding
the optimization problem:

argmin
w;b

1

2
kwk2 þ C

XN

n¼1

nn;

subject to snyn & 1 ' nn; n ¼ 1;…;N: (20)

The parameter C> 0 controls the trade-off between the slack
variable penalty and the margin.

Often the relation between yn and xn is nonlinear. Thus
Eq. (15) becomes

yn ¼ wT/ðxnÞ þ b; (21)

where /(xn) denotes the feature-space transformation. By
substituting /(xn) for xn, Eqs. (16)–(20) are unchanged.

The constrained optimization problem can be rewritten
in terms of the dual Lagrangian form:41

~L að Þ ¼
XN

n¼1

an '
1

2

XN

n¼1

XN

m¼1

anamsnsmk/ xn;xmð Þ;

subject to 0 ( an ( C;

XN

n¼1

ansn ¼ 0; n ¼ 1;…;N; (22)

where an & 0 are Lagrange multipliers and dual variables,
and k/ðxn;xmÞ ¼ /ðxnÞT/ðxmÞ is the kernel function. In this
study, we use the Gaussian radial basis function (RBF)
kernel35

k/ðx;x0Þ ¼ expð' ckx' x0k2Þ; (23)

where c is a parameter that controls the kernel shape.
Support vector regression (SVR) is similar to SVM, but

it minimizes the !–sensitive error function

E!ðyn ' rnÞ ¼
0; if jyn ' rnj < !;
jyn ' rnj ' !; otherwise;

#
(24)

where rn is the true source range at sample n and ! defines a
region on either side of the hyperplane. In SVR, the support
vectors are points outside the ! region.

Because the SVM and SVR models are a two-class
models, multi-class SVM with K classes is created by train-
ing K(K – 1)/2 models on all possible pairs of classes. The
points that are assigned to the same class most frequently are
considered to comprise a single class, and so on until all
points are assigned a class from 1 to K. This approach is
known at the “one-versus-one” scheme,41 although slight
modifications have been introduced to reduced computa-
tional complexity.42

E. Random forests

The random forest (RF) (Ref. 43) classifier is a generali-
zation of the decision tree model, which greedily segments
the input data into a predefined number of regions. The sim-
ple decision tree model is made robust by randomly training
subsets of the input data and averaging over multiple models
in RF.

Consider a decision tree (see Fig. 3) trained on all the
input data. Each input sample, xn, n¼ 1,…, N, represents a
point in D dimensions. The input data can be partitioned into
two regions by defining a cutoff along the ith dimension,
where i is the same for all input samples xn, n¼ 1,…, N:

xn 2 xleft if xni > c;

xn 2 xright if xni ( c; (25)

where c is the cutoff value, and xleft and xright are the left and
right regions, respectively. The cost function, G, that is mini-
mized in the decision tree at each branch is35

FIG. 2. (Color online) A linear hyperplane learned by training an SVM in
two dimensions (D¼ 2).
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