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Geoacoustic Inversion Using Backpropagation

Cheolsoo Park, Woojae Seong, Member, IEEE, Peter Gerstoft, and William S. Hodgkiss, Member, IEEE

Abstract—This paper presents inversion results of the 2006
Shallow Water Experiment (SW06) data measured on a vertical
line array. A low-frequency (100-900 Hz) chirp source was towed
along two tracks (circle, straight line) at 30-m depth. For the
inversions, a three-step optimization scheme is applied to the data
using very fast simulated reannealing (VFSR). The objective func-
tion is defined by the energy of the backpropagated signal from
the array to the source. At each step, water-column sound-speed
profile (SSP), experimental geometry, and geoacoustic parameters
are inverted successively. An environmental model is employed
consisting of a linear segmented SSP in the water column, a sedi-
ment layer, and a half-space. The geometric parameter inversion
results show good agreement with ir situ measurements. Finally,
the estimated geoacoustic parameters show that the experimental
site near the vertical line array (VLA) is fairly homogeneous in
bottom properties consisting of a 21-m-thick sediment layer with
sound speed of around 1600 m/s over a hard basement whose
sound speed is approximately 1750 m/s.

Index Terms—2006 Shallow Water Experiment, backpropaga-
tion, geoacoustic inversion, multistep optimization, time-domain
inversion, very fast simulated reannealing (VFSR).

I. INTRODUCTION

EOACOUSTIC inversion is a useful tool for estimating
G not only seabed properties but also other information
such as source position, bathymetry, and sound-speed profile
(SSP) of the water column. The seabed properties are espe-
cially important in shallow water since sound propagation is
strongly influenced by the bottom. Therefore, various methods
for estimating the geoacoustic parameters of the ocean bottom
via remote sensing have been developed.
This paper is focused on the broadband time-domain inver-
sion of nearfield (<600 m) acoustic data. Most geoacoustic in-
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versions have been performed in the frequency domain using ei-
ther narrowband or broadband data [1], [2]. However, the time-
domain approach has received attention as well [3]-[9]. When
arrivals of different eigenrays are resolved, geoacoustic param-
eters can be inverted using travel times and/or amplitudes of
measured and simulated data [6], [9]. Otherwise, full wave-
form matching seeking the best correlation value between the
measured and replica time series has been used [4], [7]. The
model-based matched filter has also been useful for time-do-
main inversion [3], [5]. Especially for the nearfield broadband
data, a set of time-domain signals shows a typical structure of
multiple arrivals such as direct, bottom-, and surface-reflected
waves depending on experimental setups and environments. To
exploit the arrival structure directly in the inversion, a time-do-
main approach is used in this paper.

It has been demonstrated that the sound wave received by a
hydrophone, time reversed, and retransmitted from the receiver
position will focus at the source position [11]. This also has been
explained as a matched filter [10], or generalized beamformer
[12]. Numerically, equivalent processing can be implemented
by backpropagating the time-reversed signal. Then, the energy
of the backpropagated signal becomes a measure of environ-
mental mismatch, which can be used in source localization [12]
and geoacoustic inversion [8].

A set of experiments [2006 Shallow Water Experiment
(SWO06)] was carried out in shallow water near the New Jersey
shelf break in summer 2006 [13]. One objective of SW06 was
the acoustic characterization of the ocean bottom using sources,
covering various bands of frequency. This paper presents the
inversion results from the low-frequency chirp data (100-900
Hz) recorded by a vertical line array (VLA) while the source
was following circular and straight paths at ranges 200—600
m. The inversion approach is based on the method described
in [8] that was applied to ship noise recorded on a horizontal
towed array. The objective function used in the inversion is
defined using the energy of the backpropagated signals from the
array to the source. Then, a three-step optimization is applied
to the objective function to find the optimum environmental
parameters.

The paper is organized as follows. In Section II, we describe
the experiments and the acoustic data. In Section III, the inver-
sion scheme is presented including the derivation of the objec-
tive function. Section III presents inversion results for the two
track events and Section IV summarizes the paper.

II. DESCRIPTION OF EXPERIMENTS

A. The Experiments

The experimental data was collected near the New Jersey
continental shelf break [13]. The acoustic data were recorded
on a VLA located at (39° 1.477' N, 73° 2.259’ W) as shown in
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Fig. 1. Experimental configuration. Circular and straight paths with respect to
the VLA are shown. The tick interval is 5 min.
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Fig. 2. SSPs (a) derived from CTD17 (19:17:00 UTC) and CTD18 (19:54:00
UTC). The water-column SSP is modeled as a four-segment linear SSP for the
inversion and the search bounds for the sound speeds and break points of each
segment are shown in (b).
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Fig. 1. The VLA had 16 hydrophones with 3.75-m spacing. The
bottom hydrophone (channel 1) was 8.2 m above the seafloor.
The seabed constitutes of low-speed clay over the so-called
“R”-reflector that is approximately 20 m below the seafloor
[13]-[18].

During the experiment, the source was towed by the R/V
Knorr at 0.5-1 kn on the two tracks shown in Fig. 1. The first
track was a circle around the VLA with a nominal radius of
230 m. The second was a straight run. During both tracks, the
source was at 30-m depth and emitting continuously a 1-s linear
frequency modulation (LFM) transmission swept from 100 to
900 Hz. The bathymetry along the tracks was almost flat with
a water depth of roughly 79 m.

The circle event started at 17:25:00 coordinated universal
time (UTC) on August 27, 2006 and finished at 19:00:00 UTC.
The straight event was carried out from 20:07:00 to 21:30:00
UTC. Two conductivity—temperature—depths (CTDs), CTD17
(19:17:00 UTC) and CTDI18 (19:54:00 UTC), were obtained
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Fig. 3. Spectrograms of channels 1, 8, 13, and 16 of acoustic data measured at
20:16:00 UTC.

near VLA during this period. Fig. 2(a) shows the water-column
SSPs derived from the two CTDs. Significant differences be-
tween two SSPs are observed between depths of 10 and 30 m
where fluctuations in the thermocline region are found.

B. Acoustic Data Processing

The raw data obtained from 16 hydrophones on the VLA were
matched filtered using a synthetic 1-s 100-900-Hz LFM wave-
form. The sampling rate was reduced to 10 kHz (downsampled
from 50 kHz). The resulting compressed matched-filtered data
are used for the inversions.

Spectrograms of acoustic data at 20:16:00 UTC, containing
60 transmissions, are shown in Fig. 3. Broadband noise likely
from large ocean swell due to tropical storm Ernesto is observed
in the spectrograms. This is a persistent feature for all acoustic
data. Disturbances are strongest at the hydrophone (channel 16)
nearest to the sea surface. For the inversion, the least corrupted
1-s transmission for each 1-min data was chosen by visual in-
spections.

III. INVERSION APPROACH

A. Objective Function Using Backpropagation

In an ideal linear time invariant system without noise, the
propagation of a source signal s(t), e.g., a chirp signal [7] or ship
noise [8], from a source r; to a receiver r, through a medium
described by the parameter vector my, is given by the convolu-
tion with the medium impulse response h(t) as

d(t,rs,r.,mg) = s(¢) * h(t,rs, -, my) (1)
where d(t,rs,r.,mg) is the signal received by a hydrophone
and x* is the convolution operator. If the received signal is time
reversed and propagated from the receiver to the source position,
the backpropagated signal becomes

b(tarrarszm(])
=d(T — t,rs,r,.,mp) * h(t, T, 15, mg)

= S(T - t) * (h(T —t, I‘sﬂ‘r,mo) * h(t,r,«, I‘S,mo)) (2)
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Fig. 4. Autocorrelation of the impulse responses: (a) sum of all 16 hy-
drophones, (b) channel 16, (c) channel 8, and (d) channel 1.
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Fig. 5. (a) Source waveform and (b) backpropagated signal at the source po-
sition (solid) along with the sum of the autocorrelations of impulse responses
(dashed).

where 7' is a maximum time extent of the received signal. Since
the source and receiver position can be exchanged, the h(1T —
t,rs,r.,mg)*xh(t,r,, rs,mp) in (2) is a time-delayed autocor-
relation of the impulse response h(¢, rs, r;., mg). Therefore, the
backpropagated signal is equivalent to the convolution between
the time-reversed source waveform and the autocorrelation of
the medium impulse response.

Figs. 4 and 5 show simulations of the backpropagation for an
80-m-deep Pekeris waveguide. The sound speeds of the water
column and the bottom are 1500 and 1600 m/s, respectively.
The bottom density is 1.8 10% kg/m3. The 100-900-Hz LFM
source is located at 30-m depth and 230-m range from the VLA.
Fig. 4(b), (c), and (d) shows the autocorrelation of the impulse
responses for channels 1, 8, and 16, respectively. Fig. 4(a) is the
sum of autocorrelations for all 16 channels. It can be seen from
Fig. 4(b), (c), and (d) that the autocorrelation for an individual
channel contains a mainlobe and multiple sidelobes. If the auto-
correlations for different channels are added coherently in time,
the mainlobe will be reinforced whereas the sidelobes are can-
celed by destructive interference. As a result, the mainlobe be-
comes dominant and approaches the bandlimited impulse re-
sponse of free space when the number of channels is large as
shown in Fig. 4(a).
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A characteristic of time-reversed backpropagation from
multiple hydrophones is that the measured signal resembles the
time-reversed source waveform as is seen in (2). The source
waveform in (1) and (2) is arbitrary and a first derivative
Gaussian waveform, which is widely used for modeling of
seismic wave propagation [19], [20], is chosen to illustrate
this characteristic. The first derivative Gaussian waveform
(t — to) exp(—w?(t — t9)?) is shown in Fig. 5(a). The source
signal is bandpass filtered over 100-900 Hz. The waveform of
the sum of backpropagated signals for all channels is shown
(solid) in Fig. 5(b). The autocorrelation of the impulse response
[Fig. 4(a)] is also shown (dashed) as a reference. It is evident
that the resulting backpropagated waveform becomes similar
to the time-reversed source waveform since the sum of impulse
response autocorrelations approaches that of the bandlimited
impulse response of free space. In Figs. 4 and 5, each signal
is plotted after normalizing for its maximum to be 1 although
maximum amplitudes might be different from each other. As
for the backpropagated signals, quantitative discussion for the
Pekeris waveguide example is given after (3).

For geoacoustic inversion, a replica can be substituted for the
true impulse response. When the environment for the replica is
the same as the true environment, the backpropagated signal will
focus spatially at the original source position with the waveform
being approximately equal to the time-reversed source signal.

Inversion parameters describing the environment (including
source/receiver parameters) are represented by the replica
model vector m = [mi,ma,...,mn,,],L where [|T is the
transpose operator and N,,, is the number of parameters. The
normalized backpropagated signal is defined as [8]

1 &5 dy(T—1) . hi(t, m)
Ne 2 I de@)de /[T I m)l2dr

3)
where dg(t) and h(t, m) are the measured signal and replica
for the kth hydrophone of the N, element array, and 7T is the
maximum time extent of the signals. The defined backpropa-
gated signal corresponds to the average of normalized cross-cor-
relation functions for all channels. The purpose of the normal-
ization of each channel in (3) is to remove the dependency on
source and replica energy in the cross correlation. As for the
Pekeris waveguide simulation (Figs. 4 and 5), the normalized
cross-correlation peaks at the selected channels 1, 8, and 16 are
0.63,0.61, and 0.68, respectively. As a result of averaging for all
16 channels, the maximum of the normalized backpropagated
signal becomes 0.614, which is smaller than the peak of the nor-
malized autocorrelation function 1 due to the effect of source
waveform [see (2)].

If the data dy(t) are the impulse response measured [3] or
estimated [5], maximizing (3) over the whole time lag ¢ be-
comes similar to the objective function employed in time-series
matching inversions [3]—-[5], [7]. Here, the objective function to
be maximized for the inversion is defined as

t+AL
/ |bn<t,m>|2dt] ,

by (t,m) =

1 ¢

$(m) = max[

for0 <t <T —At. (4)
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The At is a focal time width of the backpropagated signal and
depends on the source waveform such that most energy of the
source is confined within At [8], [12]; see Section I'V. The spa-
tial resolution of time reversal is described in [21].

An influential factor in the correlation of signals is time delay.
Mismatches in time delays result in a considerable reduction of
correlation, but the signal amplitudes have less effect. There-
fore, the objective function is more sensitive to inversion pa-
rameters influencing the time delay such as source/receiver po-
sitions, water depth, layer thickness, and sound speed than those
mostly influencing the amplitude such as densities and attenua-
tions.

B. Inversion Scheme

The raw acoustic data at a hydrophone of the VLA, ignoring
noise, are

r(t) = so(t) * h(t) )

where s¢(¢) is a 1-s LFM (100-900 Hz) signal. The matched-
filtered signal becomes

d(t) = so(—t) *r(t) = (so(—t) * s0(t)) = h(t)

= s(t) * h(t) (6)
where s(¢) is now the compressed wavelet of the LFM signal,
which is equivalent to (1). In the following, the acoustic data
refer to the matched-filtered signal in (6).

Inversion parameters are categorized into three groups: geo-
metric, geoacoustic, and SSP groups. The geometric group in-
cludes the source depth, source range, tilt of the VLA, and water
depth. The geoacoustic group consists of the parameters de-
scribing the bottom such as sound speed, density, and layer
thickness. Based on the model for the experimental site near the
VLA [9], [18], [22], arange-independent model with a sediment
layer over a half-space is adopted. Therefore, the geoacoustic
parameters are sound speeds and densities of the sediment layer
and the half-space and the sediment layer thickness. The sedi-
ment layer and the bottom are assumed isospeed. Attenuation is
excluded due to low sensitivity to attenuation at short ranges.

The water-column SSP shows significant variability both in
time and space. Also, the CTD measurements were not pre-
formed simultaneously with the acoustic measurements. The
measured SSP in Fig. 2(a) is composed of three subregions:
upper constant region, thermocline region with multiple gradi-
ents, and lower isogradient region. Here, the water column is
divided into four segments: one for upper isospeed region, two
for thermocline, and one for lower isogradient region. The sound
speed is modeled as a linear profile in each segment and discon-
tinuity is not allowed at the segment break points. The search
bounds for the break points are shown in Fig. 2(b).

The inversion is performed via an optimization process that
searches the parameters to maximize the objective function
¢(m) in (4). Direct and surface-reflected signals usually have
large amplitudes. However, they contain mostly the geometric
and the ocean SSP information and thus do not contribute di-
rectly to the inversion of bottom properties. If all the parameters
are inverted simultaneously, the geometric parameters or the
SSP parameters dominate over the geoacoustic parameters in
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the search process. To prevent this, it is desired that the param-
eters be inverted separately based on their relative sensitivities.
The multistep inversion also reduces the number of parameters
in each step permitting an efficient optimization [23].

A three-step approach is applied to the inversion as follows.

1) The target parameters are the SSP group. At first, the inver-
sion is carried out using a simple half-space model whose
parameters are the SSP group, the geometric group, and
the sound speed of the bottom. Since bottom density is not
important, it is fixed at 2 10% kg/m3. Although the final
bottom model is a sediment layer over a half-space, the
simple half-space model used in the first step is chosen
for efficiency. Among all the inverted parameters, only the
SSP parameters are passed to the next inversions.

2) The target parameters are the geometric group. The in-
version still is carried out using the simple half-space
model. The inversion parameters are the geometric and
geoacoustic parameters. The inverted geometric parame-
ters along with the SSP parameters are passed to the final
inversion.

3) The final inversion is carried out for the geoacoustic pa-
rameters using the sediment layer over a half-space bottom
model.

In all inversions, the very fast simulated reannealing (VFSR
[24]) global search algorithm is used. This is a modified version
of simulated annealing (SA) and has been useful in geophysical
and geoacoustic applications [7], [25]. It consists of successive
quenching sequences where the quenching temperature is low-
ered according to a predetermined schedule. We applied 50 suc-
cessive quenching sequences to the first and second steps and
100 quenching sequences to the third step of the inversion. For
each sequence, 50 parameter evaluations are carried out. There-
fore, 10000 replica calculations are performed for the entire in-
version.

For the forward model, a ray-based time-domain modeling
method is used; see the Appendix.

IV. INVERSION RESULTS

The signal truncation time 7" in (3) is chosen as 1 s so that
all the arrivals are included within it. Most of the energy of
the matched-filtered 100-900-Hz chirp was concentrated in the
mainlobe of 2-ms width. Therefore, the focal time width At in
(4) is set to 2 ms. Note that a single ping was used for each in-
version. It is expected that the acoustic data will show temporal
variations due to environmental effects such as SSP fluctuation
and surface wave activity.

A. Backpropagation and Parameter Sensitivity

To understand the characteristics of backpropagation of the
received signals, we simulated the backpropagated signals from
the VLA to candidate source positions using the inverted envi-
ronment for the data at 20:12:00 UTC. Fig. 6(a) and (b) shows
the envelopes of the backpropagated array data [b,, (¢, m) in (3)]
as a function of depth and range, while the other parameters are
those obtained in the inversion. The inverted source range is 302
m and depth is 28.5 m. The amplitudes are normalized to a max-
imum of 1. Since the acoustic data are compressed as in (6), the
backpropagated signal is also compressed. From the figure, a
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Fig. 6. Envelopes of back propagated array data in (3) with varying (a) depth
and (b) range. (c) Ambiguity surface of the objective function in (4) (dB) using
At = 2 ms.

strong mainlobe with minor sidelobes is observed around the in-
verted source position. The focusing of the signal is mainly due
to the constructive interference and spatial coherence of the au-
tocorrelations. The ambiguity surface in Fig. 6(c) [¢(m) in (4)]
shows a good focus of the backpropagated array data at the cor-
rect source position. The matched-filtered array data at 20:12:00
UTC and the simulated impulse response using the inverted pa-
rameters are shown in Fig. 7.

A set of geometric and geoacoustic parameter inversion re-
sults for the data at 20:12:00 UTC is presented as scatter plots
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Fig. 7. Envelopes of (a) matched-filtered array data at 20:12:00 UTC and (b)
impulse response simulated using inversion results (D: direct arrivals, SR: sur-
face reflected arrivals, BR: bottom reflected arrivals, SbR: sub-bottom reflected
arrivals).

in Fig. 8. The scatter plots represent the relative power (in deci-
bels) of the objective function (y-axis) for the corresponding
parameter (z-axis) evaluated during optimization. The scatter
plots give information on the behavior of parameters such as
sensitivity and coupling [8]. If the objective function is sensi-
tive to a parameter, it decreases rapidly from the maximum.

The geometric parameters commonly show high sensitivities
to the objective function. Among the geoacoustic parameters,
the sediment layer parameters are more sensitive than the half-
space parameters. There are distinct maxima both in layer sound
speed and in thickness of the layer of around 1600 m/s and 21
m, respectively.

B. Circle Event

This section presents the results of the inversions for the circle
event. The circle event was carried out for 1.5 h from 17:25:00 to
19:00:00 UTC; see Fig. 1. Twenty 1-s-long records of acoustic
data at 5-min intervals are inverted.

Fig. 9 shows the inverted parameters. The search bounds span
the y-axis range for each parameter except for the SSP described
in Section III-B [see Fig. 2(b)]. During the event, some geomet-
rical parameters such as source range, source depth, and water
depth were measured in sifu with nominal values 230, 30, and
79 m, respectively. These values agree well with the inversion
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Fig. 8. Scatter plots of the VFSR search for array data at 20:12:00 UTC. The y-axis of the plot is relative power (in decibels) of the objective function evaluated

during the optimization and the x-axis spans the parameter search bound.

TABLE I
INVERTED GEOACOUSTIC PARAMETERS FOR THE
CIRCLE AND STRAIGHT EVENTS

Layer Half-Space
CASE Speed Density  Thickness Speed Density
(mvs)  (10°kg/m’)  (m) (mvs)  (10° kg/m?)
. 1606 1.9 21.2 1740 22
Circle
+9 +0.1 +0.8 +30 +0.3
. 1601 23 213 1761 23
Straight
+6 +0.2 +0.9 +29 +0.2

results. The source range estimated from the ship differential
global positioning system (DGPS) is compared with the inverted
range on the plot. The inverted tilt angle shows a periodic pat-
tern, as expected for the circle. According to the tilt meter on the
VLA, the tilt angle was 1.8°% 1° during the circle event. The
absolute value of the peak inverted tilt angles is within the range
of the measured tilts.

The inversion results for the geoacoustic parameters support
the conclusion that the seabed around the site consists of a
low-speed layer over a high-speed reflector. The experimental
site even appears to be homogeneous in terms of the bottom
properties with the inverted sound speeds of the bottom and
layer thicknesses showing little variability for the sampled data.
The statistics (mean =+ standard deviation) for the geoacoustic
parameter estimates from 20 samples of acoustic data are given
in Table I. The seabed around the VLA appears to be homoge-
neous and is composed of a 21.2-m-thick layer sediment with
sound speed 1606 m/s over the so-called “R”-reflector with
sound speed 1740 m/s.

The inverted sound speeds of the water column show large
fluctuations especially in the thermocline. For the SSP inver-
sion, an alternative would be to use an empirical orthogonal
function (EOF) model [9], [22], [26].

The normalized powers (in decibels) of the maximum objec-
tive function values obtained at all three steps of each inversion
are given in the lower middle panel of Fig. 9. The powers be-
come higher as the inversion step advances, which is expected
with the multistep inversion. From the objective function values
of inversion steps 2 and 3, the contribution of the reflection
from the “R”-reflector to the objective function can be quanti-
fied. This corresponds to the difference of the objective function
values from inversion steps 2 and 3. The contribution is around
0.2 dB more than the normalized backpropagated energy eval-
uated without the sub-bottom arrivals as shown in the objective
function plots of Figs. 9 and 10 of the straight event.

C. Straight Event

This section presents the results of the inversions during
the straight event from 20:11:00 to 20:30:00 UTC; see Fig. 1.
Twenty 1-s-long records of acoustic data at 1-min intervals
from 21:11:00 UTC are inverted.

Fig. 10 shows the inverted parameters for the straight event.
The search bounds are the same as for the circle event except for
the source range. The search bounds of the range are 3801150
m for the first half of the data and 530£150 m for the rest. The
nominal source depth is 30 m and water depth is 79 m. The in-
verted and nominal values for the geometrical parameters match
well. As a reference, the range of the source obtained from
the onboard DGPS is also given in the inverted source range
plot. Comparing two data validates the inversion results. The tilt
angle measured from 20:11:00 to 20:30:00 UTC was 1.6°+1°.
The projected tilt onto the vertical plane of the ship trajectory
corresponds to 1.5° and agrees with the inverted angle.
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Fig. 9. Inversion results from the circle event (17:25:00 to 19:00:00 UTC). In the plot of source range, the range estimated from the ship DGPS is compared with

the inverted range.

The inversion results for the geoacoustic parameters of the
straight event also support the conclusion that the seabed around
the array site consists of a low-speed sediment layer over a high-
speed reflector. The statistics (mean=+standard deviation) for the
geoacoustic parameter estimates from 20 samples of acoustic
data also are given in Table 1. The seabed structure along the
straight track appears to be homogeneous and is composed of
the 21.3-m-thick sediment layer with sound speed 1601 m/s over
the so-called “R”-reflector with sound speed 1761 m/s.

V. CONCLUSION

Time-domain geoacoustic inversion results for the SW06 ex-
perimental data (100900 Hz chirps) are presented for nearfield
measurements with a source range less than 600 m. For the
inversion, the objective function was defined as the energy of
backpropagated acoustic array data from the VLA to the source.

A three-step inversion scheme was applied to the data and the
VESR algorithm was used as an optimizer for the objective func-
tion.

The inversion results from the circle event showed that the
geoacoustic properties around the VLA appear to be homoge-
neous and the bottom is composed of a 21.2-m-thick sediment
layer with low sound speed (1606 m/s) over the faster “R”-re-
flector (1740 m/s). The inversion results form the straight run
also yielded similar results estimating a 21.3-m sediment layer
(1601-m/s sound speed) and faster sub-bottom (1761-m/s sound
speed).

APPENDIX

A. The Forward Model

A ray-based forward model is used to simulate waveforms in
the time domain and it is implemented as follows. The acoustic
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Fig. 10. Inversion results from the straight event (20:11:00 to 20:30:00 UTC). In the plot of source range, the range estimated from the ship DGPS is compared

with the inverted range.

data received at a hydrophone consist of coherent signals from
distinct eigenray paths. The impulse response is a function of
the amplitudes and the phases of their paths. The phase is deter-
mined both by the travel times of the eigenrays and by complex
reflection coefficients.

At first, a ray is assumed to be emanating from the source
with incident angle through a medium with a linear SSP such as

c(2)

where ¢(z1) is the sound speed at a depth of z; and a is the
constant gradient of the SSP. According to Snell’s law, the travel
length and the travel time between a start point z; and an end
point 2y become

c(z1) +a(z—21), 2z21<z2< 2 (A1)

L; ¢ 4(Cos(ﬂi) —cos(fy)) (A2)

(27 — 21 + c(z1)/a)(1 + cos(6:))
(2i — 21+ c(21)/a)(1 + cos(6))

1
ti_f = E loge . (A3)

If the gradient a is zero, i.e., constant sound speed, the ray paths
become straight. Then, (A2) and (A3) are not applicable but
calculations of travel time and travel length are straightforward
from the coordinates of the points and the constant sound
speed.

When the ray reaches an interface, call it a branch point, it re-
flects and transmits with changes in both the propagation angles
and amplitudes. If we ignore geometrical spreading for the time
being and assume a planar interface, the angles and the ampli-
tudes are easily calculated. The branch points are tracked and
stored until the ray reaches the receiver range. The ray is deter-
mined as an eigenray if it arrives at the receiver position within a
predetermined error bound. Considering geometrical spreading
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loss, the complex amplitude of the eigenray having /V, branch
points is calculated by

Aeigen(f) = ki(f)L{)ranc}1>

(A4)
where L, and Lb]Eanch are travel lengths from the source
to the receiver and between adjacent branch points, respec-
tively. Abranch is the reflection or transmission coefficient
depending on the propagation pattern of the eigenray. In addi-
tion, a;(dB/)) is the attenuation coefficient and k;(f) is the
wave number for a frequency f. Finally, the discrete impulse
response for all IV, eigenrays becomes

1 - Q;
_— | I A? -
Ltot 1 branch €XP < 407 IOg e

Ne .
Re ([ 55 M) explizns (¢ 7)) )
(f2 = f1) 45)

where Tyt 18 a travel time between the source and the receiver
and f; and f» are the minimum and maximum frequencies of
the broadband source, respectively. Removing the frequency de-
pendence of (A4) by approximating the wave number as that at
the center frequency, (AS5) can be calculated as

h(t) =

Sin (2 f2 (Tior = t) + i)
™ (Ttiot - t)
B sin(27rf1(7'flot —t)+ ¢1)
™ (Ttiot - t)

mgon
Z f2=h

(A6)

Where |AL

elgen

| and ¢; represent the amplitude and phase of

eigen
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