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Generative Models

17

Training data ~ pdata(x) Generated samples ~ pmodel(x)

Want to learn pmodel(x) similar to pdata(x)

Given training data, generate new samples from same distribution

Addresses density estimation, a core problem in unsupervised learning
Several flavors: 

- Explicit density estimation: explicitly define and solve for pmodel(x) 
- Implicit density estimation: learn model that can sample from pmodel(x) w/o explicitly defining it 
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Fully Visible Belief Nets
- NADE
- MADE
- PixelRNN/CNN

Change of variables models 
(nonlinear ICA)

Taxonomy of Generative Models

20

Generative models

Explicit density Implicit density

Direct

Tractable density Approximate density Markov Chain

Variational Markov Chain

Variational Autoencoder Boltzmann Machine

GSN

GAN

Figure copyright and adapted from Ian Goodfellow, Tutorial on Generative Adversarial Networks, 2017.

Today: discuss 3 most 
popular types of generative 
models today
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Some background first: Autoencoders

46

Encoder

Input data

Features

Decoder

Reconstructed 
input data

Reconstructed data

Input data

Encoder: 4-layer conv
Decoder: 4-layer upconv

L2 Loss function: 
Train such that features 
can be used to 
reconstruct original data

Doesn’t use labels!
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Some background first: Autoencoders

47

Encoder

Input data

Features

Decoder

Reconstructed 
input data

After training, 
throw away decoder



Variational Bayes summary
Bayes p 𝑥 𝑦 = % 𝑦 𝑥 %(')

%())

Optimizing posterior  p 𝑥 𝑦

You can also optimize the evidence (type II likelihood) p(y)

-------
Observations 𝑋 = 𝑥,, … , 𝑥/
With latent parameter 𝑍 = 𝑧,, … , 𝑧/
And probability p X, Z
We like to find an approximation  to p X, Z and the evidence p Z
A good guess is a factorized distribution 
p X, Z = ∏56,

/ p(𝑧5)

Bishop Ch 10 Approximate inference
Variational inference
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So far...
PixelCNNs define tractable density function, optimize likelihood of training data:

VAEs define intractable density function with latent z:  

Cannot optimize directly, derive and optimize lower bound on likelihood instead

10
1

What if we give up on explicitly modeling density, and just want ability to sample?

GANs: don’t work with any explicit density function!
Instead, take game-theoretic approach: learn to generate from training distribution 
through 2-player game



Implicit Deep Generative Modeling
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Generative Adversarial Networks:
❑ Based on game theory, Nash 

equilibrium
❑ 8679 citations  [Goodfellow et al., 2014]
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Generative Adversarial Networks (GANs)

real samples Discriminator 
Network

Generator 
Network

noise samples

fake samples

real/fake

[Goodfellow et al., 2014]
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Basic GAN objective (cross-entropy-based):
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Binary classification:

real fake



GAN Strengths
State-of-the-art GAN models generate highly realistic samples, 
e.g., StyleGAN [Karras et al, 2019]:

Examples from http://www.whichfaceisreal.com/

real fake



GAN Weaknesses

❑ No explicit density estimate                                 , cannot infer the 
latent code that produced a sample:

( ) ( )  gtp pθ x x

( )|pθ z x ?
cannot compute low-

dimensional representation

❑ Training involves potentially unstable minimax problem, 
iterations may diverge, be sensitive to tuning.

[Lucic et al., 2018]

❑ Can be susceptible to mode collapse:

true 
distribution

generated 
samples

low sample diversity

[Arora and Zhang, 2017]



Comparison with an Autoencoder
Autoencoder (AE):

compressed 
representation,

Encoder
DNN

zx x̂
Decoder

DNN

( ) ( )xz dim    dim 

VAE:

stochastic 
representation

Encoder
DNN

x
Decoder

DNN

( ) ( )zzφ Σμxzz ,|~ Nq =

zΣ

zμ

xΣ

xμ
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Variational Autoencoders
(details in Part II)

Advantages:  

❑ Less prone to mode collapse than GANs, more stable training.

❑ Provides explicit estimate of latent distribution                ; 
many applications in representation learning.

❑ Natural generalization of dimensionality reduction tools in 
common use for signal processing (Part III).

Disadvantages:  

❑ Optimizes a bound on the data likelihood, not exact likelihood 
(but conditions for when bound is tight discussed in Part IV).

❑ Generated samples usually inferior to GANs ...

( ) |pθ z x

… although improvements possible (Part IV).



Representative Applications
Generative models in general:

VAEs in particular:

❑ Compression:
Encoder

DNN

z
x x̂

compressible 
representation

Decoder
DNN

❑ Data cleaning, 
outlier removal:

[Dai et al., 2018]

[Ballé et al., 2018]

❑ Many more, a generic unsupervised learning tool

❑ Image-to-image translation:

❑ Model-based 
reinforcement learning:

[Finn et al., 2016]

current 
state

time

simulated 
future states

[Isola et al., 2016]





The Model

Consider the discrete, linear system,

xk+1 = Mkxk + wk , k = 0, 1, 2, . . . , (1)

where
• xk 2 Rn is the state vector at time tk
• Mk 2 Rn⇥n is the state transition matrix (mapping from time tk

to tk+1) or model
• {wk 2 Rn; k = 0, 1, 2, . . .} is a white, Gaussian sequence, with

wk ⇠ N(0,Qk ), often referred to as model error
• Qk 2 Rn⇥n is a symmetric positive definite covariance matrix

(known as the model error covariance matrix).

4 of 32

Some of the following slides are from: Sarah Dance, University of Reading



The Observations
We also have discrete, linear observations that satisfy

yk = Hkxk + vk , k = 1, 2, 3, . . . , (2)

where
• yk 2 Rp is the vector of actual measurements or observations

at time tk
• Hk 2 Rn⇥p is the observation operator. Note that this is not in

general a square matrix.
• {vk 2 Rp; k = 1, 2, . . .} is a white, Gaussian sequence, with

vk ⇠ N(0,Rk ), often referred to as observation error.
• Rk 2 Rp⇥p is a symmetric positive definite covariance matrix

(known as the observation error covariance matrix).
We assume that the initial state, x0 and the noise vectors at each
step, {wk}, {vk}, are assumed mutually independent.

5 of 32



Summary of the Kalman filter
Prediction step
Mean update: bxk+1|k = Mkbxk |k
Covariance update: Pk+1|k = MkPk |kMT

k + Qk .

Observation update step
Mean update: bxk |k = bxk |k�1 + Kk (yk � Hkbxk |k�1)
Kalman gain: Kk = Pk |k�1HT

k (HkPk |k�1HT + Rk )
�1

Covariance update: Pk |k = (I � KkHk )Pk |k�1.

16 of 32



Bayes’ Theorem for Gaussian Variables, Lecture 3
Given

we have

where



Simultaneous location and mapping (SLAM)
634 Chapter 18. State space models
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Figure 18.2 Illustration of graphical model underlying SLAM. Li is the fixed location of landmark i, xt

is the location of the robot, and yt is the observation. In this trace, the robot sees landmarks 1 and 2 at
time step 1, then just landmark 2, then just landmark 1, etc. Based on Figure 15.A.3 of (Koller and Friedman
2009).

Robot pose

(a) (b)

Figure 18.3 Illustration of the SLAM problem. (a) A robot starts at the top left and moves clockwise in a
circle back to where it started. We see how the posterior uncertainty about the robot’s location increases
and then decreases as it returns to a familar location, closing the loop. If we performed smoothing, this
new information would propagate backwards in time to disambiguate the entire trajectory. (b) We show the
precision matrix, representing sparse correlations between the landmarks, and between the landmarks and
the robot’s position (pose). This sparse precision matrix can be visualized as a Gaussian graphical model,
as shown. Source: Figure 15.A.3 of (Koller and Friedman 2009) . Used with kind permission of Daphne
Koller.
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circle back to where it started. We see how the posterior uncertainty about the robot’s location increases
and then decreases as it returns to a familar location, closing the loop. If we performed smoothing, this
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the robot’s position (pose). This sparse precision matrix can be visualized as a Gaussian graphical model,
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Graphical model underlying SLAM. Li is the 
fixed location of landmark i, xt is the robot 
location, and yt is the observation. In this 
trace, the robot sees landmarks 1 and 2 at 
time 1, then just landmark 2, then just 
landmark 1, etc. 

Illustration of the SLAM problem. (a) A robot starts 
at the top left and moves clockwise in a circle back 
to where it started. We see how the posterior 
uncertainty about the robot’s location increases 
and then decreases as it returns to a familar
location, closing the loop. If we performed 
smoothing, this new information would propagate 
backwards in time to disambiguate the entire 
trajectory. 



Constant velocity model
Using a constant velocity CV track model for the source, the the state 

equation is given by 

𝒙89, =
𝑑89,
𝑣89,
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Note that the noise term on velocity is now an acceleration in the 
location-term.



State space model interference608 Chapter 17. Markov and hidden Markov models
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Figure 17.11 The main kinds of inference for state-space models. The shaded region is the interval for
which we have data. The arrow represents the time step at which we want to perform inference. t is the
current time, T is the sequence length, ℓ is the lag and h is the prediction horizon. See text for details.

• Fixed lag smoothing is an interesting compromise between online and offline estimation; it
involves computing p(zt−ℓ|x1:t), where ℓ > 0 is called the lag. This gives better performance
than filtering, but incurs a slight delay. By changing the size of the lag, one can trade off
accuracy vs delay.

• Prediction Instead of predicting the past given the future, as in fixed lag smoothing, we
might want to predict the future given the past, i.e., to compute p(zt+h|x1:t), where h > 0
is called the prediction horizon. For example, suppose h = 2 ; then we have

p(zt+2|x1:t) =
!

zt+1

!

zt

p(zt+2|zt+1)p(zt+1|zt)p(zt|x1:t) (17.42)

It is straightforward to perform this computation: we just power up the transition matrix and
apply it to the current belief state. The quantity p(zt+h|x1:t) is a prediction about future
hidden states; it can be converted into a prediction about future observations using

p(xt+h|x1:t) =
!

zt+h

p(xt+h|zt+h)p(zt+h|x1:t) (17.43)

This is the posterior predictive density, and can be used for time-series forecasting (see
(Fraser 2008) for details). See Figure 17.11 for a sketch of the relationship between filtering,
smoothing, and prediction.

• MAP estimation This means computing argmaxz1:T p(z1:T |x1:T ), which is a most prob-
able state sequence. In the context of HMMs, this is known as Viterbi decoding (see
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Figure 18.1 Illustration of Kalman filtering and smoothing. (a) Observations (green cirles) are generated
by an object moving to the right (true location denoted by black squares). (b) Filtered estimated is shown
by dotted red line. Red cross is the posterior mean, blue circles are 95% confidence ellipses derived from
the posterior covariance. For clarity, we only plot the ellipses every other time step. (c) Same as (b), but
using offline Kalman smoothing. Figure generated by kalmanTrackingDemo.

The LG-SSM is important because it supports exact inference, as we will see. In particular,
if the initial belief state is Gaussian, p(z1) = N (µ1|0,Σ1|0), then all subsequent belief states
will also be Gaussian; we will denote them by p(zt|y1:t) = N (µt|t,Σt|t). (The notation µt|τ
denotes E [zt|y1:τ ], and similarly for Σt|t; thus µt|0 denotes the prior for z1 before we have
seen any data. For brevity we will denote the posterior belief states using µt|t = µt and
Σt|t = Σt.) We can compute these quantities efficiently using the celebrated Kalman filter,
as we show in Section 18.3.1. But before discussing algorithms, we discuss some important
applications.

18.2 Applications of SSMs

SSMs have many applications, some of which we discuss in the sections below. We mostly
focus on LG-SSMs, for simplicity, although non-linear and/or non-Gaussian SSMs are even more
widely used.

18.2.1 SSMs for object tracking

One of the earliest applications of Kalman filtering was for tracking objects, such as airplanes
and missiles, from noisy measurements, such as radar. Here we give a simplified example to
illustrate the key ideas. Consider an object moving in a 2D plane. Let z1t and z2t be the
horizontal and vertical locations of the object, and ż1t and ż2t be the corresponding velocity.
We can represent this as a state vector zt ∈ R4 as follows:

zTt =
!
z1t z2t ż1t ż2t

"
. (18.7)

Figure 18.1 Kalman filtering and smoothing. (a) Observations (green cirles) are 
generated by an object moving to the right (true location denoted by black squares). 
(b) Filtered estimated is shown by dotted red line. Red cross is the posterior mean, 
blue circles are 95% confidence ellipses derived from the posterior covariance. For 
clarity, we only plot the ellipses every other time step. (c) Same as (b), but using 
offline Kalman smoothing. Figure generated by kalmanTrackingDemo. 

Kalman smoother



Predict N steps ahead
SLAM (Simultaneous Location and Mapping)
Kalman smoother
RLS (Recursive least squares)

Advanced KF: 
• Ensample KF (EnKF)   non Gaussian
• Extended KF (EKF)  non-linear
• Unscented KF (UKF) well chosen control points
• … Particle Filter Nonlinear,
• …. non Gaussian
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Figure 18.10 An example of the unscented transform in two dimensions. Source: (Wan and der Merwe
2001). Used with kind permission of Eric Wan.

We see that the only difference from the regular Kalman filter is that, when we compute the
state prediction, we use g(ut,µt−1) instead of Atµt−1 + Btut, and when we compute the
measurement update we use h(µt|t−1) instead of Ctµt|t−1.
It is possible to improve performance by repeatedly re-linearizing the equations around µt

instead of µt|t−1; this is called the iterated EKF, and yields better results, although it is of
course slower.
There are two cases when the EKF works poorly. The first is when the prior covariance is

large. In this case, the prior distribution is broad, so we end up sending a lot of probability
mass through different parts of the function that are far from the mean, where the function has
been linearized. The other setting where the EKF works poorly is when the function is highly
nonlinear near the current mean. In Section 18.5.2, we will discuss an algorithm called the UKF
which works better than the EKF in both of these settings.

18.5.2 Unscented Kalman filter (UKF)

The unscented Kalman filter (UKF) is a better version of the EKF (Julier and Uhlmann 1997).
(Apparently it is so-called because it “doesn’t stink”!) The key intuition is this: it is easier
to approximate a Gaussian than to approximate a function. So instead of performing a linear
approximation to the function, and passing a Gaussian through it, instead pass a deterministically
chosen set of points, known as sigma points, through the function, and fit a Gaussian to the
resulting transformed points. This is known as the unscented transform, and is sketched in
Figure 18.10. (We explain this figure in detail below.)



Sparse model 

•  Linear regression (with sparsity constraints) 

•  Slide 4 from Lecture 4 



Sparse model 

•  y : measurements,  A : dictionary 
•  n : noise,   x : sparse weights 
•  Dictionary (A) � either from physical models or learned from data 

(dictionary learning) 



•  Linear regression (with sparsity constraints) 
–  An underdetermined system of equations has many solutions 
–  Utilizing x is sparse it can often be solved 

–  This depends on the structure of A (RIP – Restricted Isometry Property) 

•  Various sparse algorithms  
–  Convex optimization (Basis pursuit / LASSO / L1 regularization) 
–  Greedy search (Matching pursuit / OMP) 
–  Bayesian analysis (Sparse Bayesian learning / SBL) 

•  Low-dimensional understanding of high-dimensional data sets 

•  Also referred to as compressive sensing (CS) 

Sparse processing 



Different applications, but the same algorithm 

y	 A	 x	

Frequency	signal		 DFT	matrix	 Time-signal	

Compressed-Image	 Random	matrix	 Pixel-image	

	Array	signals		 Beam	weight		 Source-location	

Reflection	sequence		 Time	delay		 Layer-reflector	
	



CS approach to geophysical data analysis

CS of Earthquakes

Yao, GRL 2011, PNAS 2013

Sequential CS

Mecklenbrauker, TSP 2013
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b) Sequential h0=0.05
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CS beamforming

Xenaki, JASA 2014, 2015
Gerstoft JASA 2015

CS fathometer

Yardim, JASA 2014

CS Sound speed estimation

Bianco, JASA 2016 Gemba, JASA 2016

CS matched field



Sparse signals /compressive signals are important 

•  We don’t need to sample at the Nyquist rate 

•  Many signals are sparse, but are solved them under non-sparse 
assumptions 
–  Beamforming 
–  Fourier transform 
–  Layered structure  

•  Inverse methods are inherently sparse: We seek the simplest way to 
describe the data 

•  All this requires new developments 
-  Mathematical theory 
-  New algorithms (interior point solvers, convex optimization) 
-  Signal processing 
-  New applications/demonstrations 



10 

Sparse Recovery 

•  We try to find the sparsest solution which explains our noisy 
measurements 

•  L0-norm 

•  Here, the L0-norm is a shorthand notation for counting the number of 
non-zero elements in x.  



Sparse representation of the DOA estimation problem

Underdetermined problem

y = Ax, M < N

Prior information

x: K-sparse, K ⌧ N

xn

n

kxk0 =
NX

n=1

1xn 6=0 = K

Not really a norm: kaxk0 = kxk0 6= |a|kxk0

There are only few sources with unknown locations and amplitudes

A. Xenaki (DTU/SIO) 11 / 40

Sparse Recovery using L0-norm 

•  L0-norm solution involves exhaustive search 

•  Combinatorial complexity, not computationally feasible 
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Lp-norm  

•  Classic choices for p are 1, 2, and ∞. 

•  We will misuse notation and allow also p = 0. 

|| x ||p= | xm |p
m=1

M

∑
"

#
$

%

&
'

1/p

  for  p > 0



Lp-norm (graphical representation)	

x
p
= xm

m=1

M

∑
p"

#
$
$
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&
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1/p



Solutions for sparse recovery 

•  Exhaustive search 
-  L0 regularization, not computationally feasible 

•  Convex optimization 
-  Basis pursuit / LASSO / L1 regularization 

•  Greedy search  
-  Matching pursuit  / Orthogonal matching pursuit (OMP) 

•  Bayesian analysis  
-  Sparse Bayesian Learning / SBL 

•  Regularized least squares 
-  L2 regularization, reference solution, not actually sparse 



•  Slide 8/9, Lecture 4 

•  Regularized least 
squares solution 

•  Solution not sparse 



Basis Pursuit / LASSO / L1 regularization 

•  The L0-norm minimization is not convex and requires combinatorial 
search making it computationally impractical 

•  We make the problem convex by substituting the L1-norm in place of 
the L0-norm 

•  This can also be formulated as 

min
x

|| x ||1 subject to ||Ax−b ||2< ε



The unconstrained -LASSO- formulation

Constrained formulation of the `1-norm minimization problem:

bx`1(✏) = argmin
x2CN

kxk1 subject to ky � Axk2  ✏

Unconstrained formulation in the form of least squares optimization
with an `1-norm regularizer:

bxLASSO(µ) = argmin
x2CN

ky � Axk22 + µkxk1

For every ✏ exists a µ so that the two formulations are equivalent

A. Xenaki (DTU/SIO) Paper F 42/40

Regularization parameter :  µ
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•  Why is it OK to substitute the L1-norm for the L0-norm? 

•  What are the conditions such that the two problems have the same 
solution? 

•  Restricted Isometry Property (RIP) 

Basis Pursuit / LASSO / L1 regularization 

min
x

|| x ||0
subject to || Ax − b ||2< ε

min
x
|| x ||1

subject to || Ax −b ||2< ε



Geometrical view (Figure from Bishop) 

L2 regularization L1 regularization 



Regularization parameter selection

The objective function of the LASSO problem:

L(x, µ) = ky � Axk22 + µkxk1

is minimized if
0 2 @xL(x, µ)

where the subgradient is

@xL(x, µ) = 2AH (Ax� y) + µ@xkxk1

thus, the global minimum is attained if

µ�1r 2 @xkxk1, r = 2AH (y � Abx)

A. Xenaki (DTU/SIO) Paper F 45/40

•  Regularization parameter :  

•  Sparsity depends on  

•       large, x = 0 

•       small, non-sparse 

µ

µ

µ

µ



Regularization Path (Figure from Murphy) 

L2 regularization L1 regularization 

1/µ1/µ

•  As regularization parameter µ is decreased, more and more 
weights become active 

•  Thus µ controls sparsity of solutions 



Applications 

•  MEG/EEG/MRI source location (earthquake location) 
•  Channel equalization 
•  Compressive sampling (beyond Nyquist sampling) 
•  Compressive camera! 

•  Beamforming 
•  Fathometer 
•  Geoacoustic inversion 
•  Sequential estimation 


