
Replies to critical reviews 
Critical review from team 14: 
The results of prediction plot show decent correlations between the predict and test data. Is there 
any way to do at least one validation for the results? Since in the modeling, parameterization is 
used to model the continuous shape, and it may cause a discrepancy between the testing 
environment/data and the real-world environment/data.
Both of our used datasets is actually composed by train data and validation data. The 
parameterization using b-spline representation could be very accurate, so large discrepancy 
between the testing environment/data and the real-world environment/data won't happen.

In the prediction plot for your own dataset, is that a special phenomenon for deviation from the 
prediction at the upper right corner? It seems like the trend is different and the regression line did 
not include the abnormal part.
The upper right corner may be caused by some of our a little inaccurate prediction of a specific 
airfoil. We definitely cannot get 100% accuracy. Our regression line is linear because we only want 
to compare our result with the ideal situation where prediction data equals actual data (y = x). So it 
won't involve any folding for the abnormal part.

Critical review from team 18:
In the section talked about the model, I realized the paper you are referring to used sigmoid, 
tangent hyperbolic and leaky relu as the activation function. However, only the relu activations 
were used in your model. Is there any improvement on the performance from using relu activation? 
Would other activation functions could further improve the results?
We use relu activation because it is more proper to keep the gradient information during each 
layers in our network. This actually gave some good result, so we decide to go with it.

For the three models you compared in the slides, is there any other model could also achieve the 
similar performance as the SANN and mSANN?
We use SANN and mSANN, because we want to achieve required gradient information. So other 
model won't achieve same functionality. 

Like you mentioned in the “Further items to be completed” section, perform cross validation and 
generate more data from different types of subsonic airfoils could be added to the final report of the 
project.
Cross-validation is a resampling procedure used to evaluate machine learning models on a limited 
data sample. We rethink that our dataset is large enough, so we won't use cross validation in our 
model.

Critical review from team 18:
Develop model to predict using dataset generated through CFD instead, then compare



Using CFD to generate dataset is computationally expensive and time-consuming. That's why our 
project aims to use machine learning models for prediction. We compared the prediction with data 
generated by Xfoil.

Try changing the network architecture to use different kinds of layers. I.e a convolutional layer may 
be able to pick out areas in the input data better than consecutive linear layers. Try add dropout to 
spread out the gradient between layers
In principle, CNN is more suitable for processing input with high dimension like image recognition 
or natural language processing. The dimension of our input is 16 so ANN is a better option here. 
Dropout is a great suggestion, we add this in our final developed model.

Regarding training loop/ dataset: Consider using the dataset/dataloader setup in pytorch. Creating 
a custom dataset/dataloader lets you complete lazy loading of data samples so the memory 
demands of training can be reduced. Remember to use batches inside of the training loop if using 
a dataloader.
Yes. Dataset/dataloader is more convenient for batch training and we also include this in our final 
code. Thanks for the suggestion.

Representation of results: Consider adding the validation loss after each epoch to the loss curves 
provided.
We will do this.

Elaborate on the significance of switching datasets more. What did you expect to see?
We would like to train a model that can predict Cd and Cl based on our generated dataset. As we 
show in the presentation, we only implemented ANN for our dataset but it could achieve high 
accuracy.

More visualizations on the difference between the model outcomes.
Apart from the figures listed in the presentation, we add the curves of how Cd and Cl change with 
respect to angle of attack. We include these figures in our final report.

Run more models on the dataset that the team generated, so it is comparable to the models ran on 
the Bouhlel’s dataset
Due to the large amounts of samples in the dataset, ANN and SANN are the first choice. But we 
are willing to run different models such as random forest, support vector regression, etc.

Is the difference between the models just the way that the loss is calculated?
Yes. The smaller the loss is, the higher accuracy the model achieves. In this project, we show that 
mSANN has the best performance while ANN has the least.
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Abstract—In aircraft design the analysis of an airfoil (i.e. the

two dimensional cross-section of a wing or rotor blade) provides

crucial aerodynamic parameters such as lift and drag coefficients

that are needed to model and optimize the overall aerodynamic

performance of the aircraft. Obtaining these parameters via con-

ventional methods such as computational fluid dynamics (CFD)

simulations is computationally expensive and not always robust,

making them ill-suited for design optimization. In this report

we present the development and implementation of an artificial

neural network (ANN) to predict lift and drag coefficients based

on the airfoil shape and inflow conditions almost instantaneously

and without failure. We then attempt to enhance the neural

network through Sobolev training to reduce the training time.

Results show that our machine learning model is effective and

achieves an R2 score of 0.98 and a mean squared error (MSE)

of 0.0037.

I. INTRODUCTION

The performance of an airfoil typically depends on its shape,
the speed of the air and the angle between the airfoil and the
incoming flow, also known as angle of attack (AoA). Two
of the most important performance parameters of an airfoil
are the lift and drag coefficient Cl and Cd, representing how
much lift and drag an airfoil produces under certain inflow
conditions. Generally, lift increases linearly with angle of
attack until the stall angle, beyond which the lift drops sharply
and the airfoil is stalled. In this report we focus on relatively
low, subsonic airspeeds and represent the flow speed via the
Reynolds number, an important quantity in fluid mechanics.
Conventional methods for predicting Cl and Cd are computa-
tional fluid dynamics (CFD) simulations and panel methods.
However, CFD approaches are computationally expensive and
panel methods are not always robust. This presents a problem
for aircraft designers who want to apply design optimization
to improve aircraft performance, especially in the early design
stages where quick results are crucial.

In this report we address the need for a fast and robust
airfoil analysis tool by developing a deep neural network
architecture. This data driven approach uses physical results
from conventional panel methods to train the network and
predict the performance of the airfoil. The inputs to our ML
model are the inflow conditions comprised of angle of attack
and Reynolds number as well as the geometric shape of the
airfoil, represented by its x-y coordinates. The outputs of the
model are the airfoil’s lift and drag coefficient for the given
inflow conditions. Once trained, the model predicts Cl and

Cd within seconds and without failure, making it suitable for
design optimization.

II. RELATED WORK

Surrogate modeling methods are a powerful tools that
approximate the output instead of evaluating time-consuming
numerical simulations in engineering analysis and design
work. Recently researchers have used machine learning al-
gorithms to predict airfoil performance and accelerate the
airfoil design process. Du, for instance, combined multilayer
perceptron, recurrent neural networks, and a mixture of experts
for surrogate modeling to implement both scalar (drag and
lift) and vector (pressure distribution) response predictions for
a wide range of Mach numbers and Reynolds numbers [1].
In another approach, Bhatnagar proposed an approximation
model based on Convolutional Neural Networks for flow field
predictions. It can predict the velocity and pressure field, as
well as geometries given the pixelated shape of the object
[2]. Sekar presented the prediction of incompressible laminar
steady flow field over airfoils based on the combination
of deep Convolutional Neural Network and deep Multilayer
Perceptron (MLP) [3]. All approaches show good capability
and scalability with the number of samples.

However, there has been little research on neural networks
that use gradient information to solve engineering problems.
Considering the ability of gradient-enhanced surrogate mod-
eling methods to significantly improve the accuracy of the
model, the gradient information should also be exploited
during the prediction. Li developed a surrogate model with
gradient enhanced kriging and partial least squares for the
prediction of lift and drag [4]. But this surrogate model
approach requires the division of the airfoil shape and flight
condition into different flow regimes which could cause the
limitation of generated datasets. The neural network approach
in Bouhlel’s paper, however, managed to model a larger range
of airfoil types with one single model [5]. Bouhlel also
implemented the Sobolev training for artificial neural networks
(SANN) method that incorporates the gradient information.
One of the goals of our project is to build on Bouhlel’s work.

III. DATASET AND FEATURES

We use the airfoil database1 compiled by the University
of Illinois Urbana Champaign (UIUC), which contains the

1https://m-selig.ae.illinois.edu/ads/coord database.html



coordinates to nearly 1600 airfoils. However, we still need
to generate the training and validation data for the lift and
drag coefficient. This is done using Xfoil [6], a state-of-the
art panel method, which predicts Cl and Cd based on the
airfoil coordinates, Reynolds number and angle of attack. As
stated in the introduction this method is not robust and often
fails to produce data for Cl and Cd given certain combinations
of AoA and Reynolds number. Therefore, we are only able to
generate training and validation data for a total of 100 airfoils.

The raw data from Xfoil provides Cl and Cd values for
six different Reynolds numbers ranging from 5 ⇥ 104 to 1 ⇥
106 and angles of attack between -12 and 15 degrees. This
range corresponds to the region where the lift varies linearly
with angle of attack. The data is then processed by applying
a linear fit for the lift data and a least squares regression with
regularization for drag. Furthermore, we extrapolate the data
to obtain values for Cl and Cd up to angles of attack of ±90�.
This is done using the Viterna method [7], a physical model
that approximates lift and drag coefficients beyond the stall
angle. Ultimately, after data processing and extrapolation, we
have 240 000 samples for each Cl and Cd, corresponding to
all combinations of 100 airfoils, 400 AoA and 6 Reynolds
numbers. Fig. 1 shows 2400 Cl data samples for one of the
airfoils.

Fig. 1. Lift coefficient data for NACA 4412 airfoil.

The last step is to parameterize each airfoil shape in the
same way. As stated before, the UIUC database provides the
coordinates of each airfoil that we used, however, the number
of coordinates is inconsistent. Therefore, we parameterize
each airfoil using B-splines, which are piecewise polynomials
defined by control points each having x,y coordinates. We
found that eight control points for the lower airfoil surface
and seven control points for the upper surface was sufficient
to accurately represent the airfoil. The accuracy of the B-
spline parameterization can be seen in Fig. 2 for one of the
airfoils we used. Now, that all airfoils are represented in the
same way, we can establish the input shape to our model as
(n, d) = (240000, 32) where n is the number of samples and
d is number of control point coordinates (i.e. 30) plus two
inflow conditions, one for AoA and one for Reynolds number.

As stated in section II, we took inspiration from Bouhlel’s
paper [5], in which they used the same UIUC database.

Fig. 2. B-spline representation of NACA 4412 airfoil.

However, instead of using Xfoil, they employed a CFD solver
to generate data for lift and drag coefficient. Their choice
of CFD solver allowed them to also obtain derivative data
from the outputs to the inputs, which they used to implement
Sobolev training explained in the next section. While they were
able to generate data for a lot more airfoils, their ranges for
AoA was only -2 to 6 degrees due to the computationally
expensive nature of CFD solvers. The dataset that Bouhlel et
al. used to train their ML model can be found in reference [8].

IV. METHODS

A. Artificial Neural Network

An artificial neural network (ANN) is a fundamental pre-
dictive model in deep learning inspired by the human brain.
It has a layered structure and each layer consists of different
neurons and connections. The number of neurons at the input
and output layer is determined by the dimension of the input
and output data while the number of hidden layers and hidden
neurons can be adjusted depending on the specific problem
we want to solve. The final decision of these parameters
is usually determined through trial and error. It has been
proven that a one-hidden-layer is capable of approximating any
nonlinear function given adequate number of neurons [9]. A
neuron computes the sum of the values from the previous layer
with the corresponding weights and bias, applies a nonlinear
activation function (Sigmoid, ReLu, etc) and passes its value
to the next layer. ReLu as shown below is the most common
activation function.

f(x) =

⇢
0 x < 0
x x � 0

(1)

During the training process, the error between the prediction
and the actual output is back propagated to the network
by taking the derivatives with respect to the weights and
biases at each layer. Thus the parameters can be updated by
solving the optimization problem of minimizing this error.
Typical optimizing methods include stochastic gradient decent,
adaptive momentum estimation (Adam), etc.

B. Sobolev Training for Artificial Neural Network

The Sobolev training method incorporates the target output
as well as target derivatives while training the neural network.
The additional information from the gradient can improve the
accuracy of prediction and further enhance the capabilities
of generalizing learning models. These properties give advan-
tages to the application of Sobolev training especially when
computing the gradients of physics models. In our project,



we implement the Sobolev training based on the approach
proposed by Czarnecki et al [10].

Here we describe the mechanism of Sobolev artificial neural
network (SANN) by showing how it can be derived from
ANN. We use the matrix X to denote the training input.

X =
⇥
x1 x2 · · · xn

⇤T
, (2)

where n is the number of samples, xi is a 1 ⇥ d vector and
d is the dimension of the input. Thus, the input X is a n⇥ d
matrix. We also have the corresponding labels as the training
output values:

Y =
⇥
y1 y2 · · · yn

⇤T
. (3)

Then the gradient of the surrogate model can be computed as
follows:

df = rf(X) =
h
rf

⇣
x(1)

⌘
, . . . ,rf

⇣
x(nt)

⌘iT
. (4)

For an artificial neural network m with a set of parameters
✓, the optimization problem is to minimize the loss function
defined as

min
✓

nX

i=1

l
�
m(xi, ✓) , y

i
�
, (5)

where l is a loss function. To minimize the gradient error
between the ANN and physics model, a second term is added
into the loss function and now the optimization problem is
transformed into:

min
✓

nX

i=1

l
�
m (xi, ✓) , y

i
�
+

nX

i=1

l (rm (xi, ✓) ,rf (xi)) , (6)

where f is the physics model. This objective function involves
the gradient information and thus it is able to capture the
properties of the original model better. A neural network that
uses the above function as the loss function is called Sobolev
ANN (SANN). The derivative term is dominant when training
a SANN model especially when higher order derivatives are
considered.

C. Modified Sobolev Training for Artificial Neural Network

To accelerate the training convergence, we incorporate a
parameter to set the weight of gradient information during
SANN. Therefore, the gradient information is applied grad-
ually during the learning process. This approach is called
modified SANN (mSANN) , yielding the following:

min
✓

nX

i=1

l
�
m (xi, ✓) , y

i
�
+

�k

nX

i=1

l (rm (xi, ✓) ,rf (xi))

(7)

� is increased gradually for each epoch in the train-
ing. Algorithm 1 illustrates the main steps in mSANN.
Algorithm 1: mSANN
Input: (X,y,df , N);
Define the ANN architecture;
Define �k;
Initialize a set of neural network model parameters ✓;
for i  N do

for � 2 list (�k) do

Solve minimization problem Eq.7;
end

end

Output: ŷ(x);

V. EXPERIMENTS AND RESULTS

In our project, we first tested the dataset from Bouhlel’s
paper with ANN, SANN and mSANN [11]. We compared
the performances of these models by evaluating the error of
output and gradient. Then we generated our own dataset from
the UIUC database and implemented ANN since we don’t
have the gradient information of the physics model. The model
architecture for these two datasets are almost the same except
the input layer as they have different input dimension. The
neural network has one input layer, one output layer and six
hidden layers with 120 hidden neurons at each layer.

We take ReLu as the activation function for each layer
because it is able to retain the gradient information well for
deep neural networks. An ideal learning rate enhances the
learning process and makes the model work smoothly. We
chose different learning rates for these two datasets. Mini-
batch allows the model parameters to upgrade multiple times
during an epoch and achieve faster convergence. According to
the amount of data we have for training, we set the batch size
to be 500.

A. Dataset from Bouhlel’s paper

Relative error of the output and gradient is used as metrics
to compare between the three models and its definition is given
below:

✏ =
kŷ � yk2
kyk2

100 (8)

✏̄ =
kdŷ � dyk2

k dyk2
100, (9)

where y is the output and dy is the gradient. We also plot
the loss curves and training predictions of the three models.

TABLE I
THE L2-NORM OF THE RELATIVE ERRORS FOR VAILDATION SET

✏L2 ✏̄L2

ANN 17.849 97.792
SANN 12.011 78.478

mSANN 4.397 85.064



Fig. 3. Loss of the output

Fig. 4. Loss of the gradient

Fig. 5. Predictions of ANN, SANN and mSANN

B. Dataset from UIUC Database

We choose both mean square error (MSE) and R squared
(R2 score) to evaluate the performance of the model. The
definition of R2 score is given below:

R2(y, ŷ) = 1�
Pn

i=0 (yi � ŷi)
2

Pn
i=0 (yi � ȳ)2

=

Pn
i=0 (ŷi � ȳ)2

Pn
i=0 (yi � ȳ)2

= 1�
Pn

i=0 (yi � ŷi)
2

Pn
i=0 (yi � ȳ)2

,

(10)

where n is the number of samples, yi is the real values and
ŷi is the prediction. r2 score is a value between 0 and 1. The

closer its value is to 1, the better performance it has and vice
versa.

TABLE II
PERFORMANCE METRICS FOR VAILDATION SET

Drag Coefficient Lift Coefficient
R2 score 0.98011 0.95198

MSE 0.00414 0.02229

Then we generated plots of Cl and Cd vs alpha at different
Reynolds numbers for a specific airfoil. We compared the
prediction plot and actual data plot to make sure that the
modeling is workable.

Fig. 6. Drag coefficient data for NACA 4412 airfoil with 200000 Reynolds
number

Fig. 7. Lift coefficient data for NACA 4412 airfoil with 200000 Reynolds
number

VI. CONCLUSION

We implemented ANN and two developed ANN method-
ology (SANN and mSANN) for fast and accurate airfoil
design applications.The results show that SANN and mSANN
outperforms the standard ANN model with an improvement
in terms of the L2-norm of relative error. We also built an
ANN model of airfoil database with B-spline representation
of the shape. This approach is useful in a large design space
containing one hundred airfoil shapes of various types at flow
conditions ranging in subsonic regime.
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